ISSN 1330Ű0016 CODEN FIZBE7

EXACT SOLUTIONS OF A NON-POLYNOMIAL INTERACTION

CAO XUAN CHUAN

01 Parvis du Breuil 86, F-92160 Antony, France

Received 2 June 1996

Revised manuscript received 24 October 1997

UDC 530.145

PACS number: 03.65.Ge

Exact solvability of a non-polynomial interaction is investigated. The relation to the existence of a double-well potential is discussed, with a presentation of a new type of exact solutions.

1. Introduction

The interaction under consideration has the form:

V (A,B,k,b;x) = A x^2

+ Bx^2 + kx^2 x^2 + b

, (1)

where A,B,k and b are the parameters. It obviously reduces to two well known cases of mathematical physics:

(a) for k = 0, it corresponds to the harmonic oscillator problem, (b) for k /= 0 and A = 0, it corresponds to the case of a two-parameter non-polynomial interaction

V (λ,g;x) = x^2 + λx^2 gx^2 + 1

, (2)

with the following replacements: λ = k b , b = 1 g and B = 1. (3)

It may be noted that in recent years the second case acquired a special status being the basis of a considerable volume of literature because of its potential applications in various ^elds, ranging from laser physics to elementary particle theory [1-3].

For an overview of the actual situation, the list of references in Ref. 4 is recommended. The present discussion will be limited to some aspects of exact solvalibility of the Schrĺodinger equation.

We shall consider a generalisation of the two-parameter case by introducing two other parameters so that the ensuing discussion will involve three or four parameters.

In the ^rst part of the presentation, a formulation adapted to the problem is introduced leading to the construction of exact solutions. It will be shown that corresponding to each state |n⟩ (n is the quantum number), these solutions can always be derived from a speci^c constraint among the parameters, or, in other words, these solutions must be eigenfunctions of a speci^c interaction V_n. After the reduction to the case of two parameters using (3), they serve to check the exactness of the solutions proposed by other authors who follow various different approaches [5-8].

When two states |n⟩ and |m⟩, n /= m, are eigenfunctions of the same interaction of type V_{m;n}, they constitute a ŞdoubletŤ. In the second part, the construction of these doublets will be outlined, followed by a discussion on a relationship between these exact doublets and the existence of a double-well structure of the interaction V_{m;n}.

Generalisation of the problem with inclusion of a fourth parameter will be considered in the last part where it is shown that the present formulation allows the derivation of new solutions of different types.

2. Formulation Let Hψ_n = E_nψ_n, H = d^2 dx^2

−V (x), (4)

and write the eigenfunction in the form:

ψ_n = e�^{R uds} n ∑_{p=0}^ap^{f r+p, (5)}

where r is an arbitrary parameter, {a_p} represents the set of unknown coef^cients of the expansion, the function u(x) is de^ned as:

u(x) = 2α f 0^+ β f f 0 ,

α and β are constants and f (x) = x^2 + b. De^ne the potential V (α,β,k,b;x) as

V (α,β,k,b,x) = u^2 − u0 + kx^2 x^2 + b

. (6)

Its connection with (1) is then V (α,β,k,b;x) = V (A,B,k,b;x) + D, where

D = β(α + βb/2 − 1/2), A = (α + a)(α + a + 1), a = βb/2 and B = β^2/4.

The two-parameter potential (2) can be obtained with the transformation

β = 2, k = λ g , b = 1 g and α = −a or α = −(a + 1), (30)

so that the results obtained for (6) can always be compared to the ones corresponding to (2), which is then considered as a special case of it.

3. Exact solutions

Replacing (5) into (4), and after some simple algebra, the following three-term recursion relation can be established:

A_pa_p + B_p�_1a_p�_1 +C_p�_2a_p�_2 = 0, (7)

in which

A_p = −4b(r + p)(r + p − 1)

B_p�_1 = 2(r + p − 1)[2(r + p − 2) + 1 − 2α] + kb (8)

C_p�_2 = E − [k + D + 2β(r + p − 2)].

For an expansion of order n, it will be necessary that:

(a) C_n = 0, (b) a_{n+1} = 0. (9)

Note that

a_n = (−1)^n

[_n

∏_{s=0}^1_{As} ] Δ_n. (10)

Δ_n is the determinant de^ned by

Δ_n = | | | | | | | |

B_0 A_1 0 ··· C_0 B_1 A_2 0 ··· . . . . . . . . . . . . . . . . . . . . . . . . . . . · A_n�_1 0 · C_n�_1 B_n

| | | | | | | | . (11)

The condition of type (b) means that Δ_n = 0, which in turn imposes a constraint of the type k_n(α,β,k,b), binding the four parameters together. This implies that to each state |n⟩ must correspond a potential V_n(α,β,k,b,x). If a_0 = 1, we have:

a_1 = −

B_0 A_1

, a_2 = 1 A_2A_1

[B_0B_1 −C_0A_1] , (12) a_3 = − 1 A_3A_2A_1

[B_2(B_0B_1 −C_0A_1) −C_1B_2A_2] ....

Taking r = 1, the exact solutions can then be written as:

For n = 0,

E_0 = k + D + 2β, kb = −2(1 − 2α), ψ_0 = x�^{(α+βb=2)}(x^2 + b)e�^{βx2=4}. (13)

For n = 1,

E_1 = k + D + 4β, kb = −(4 + 3γ) + √ (4 + 3γ)^2 − 8γ(γ + 2) − 16βb, (14)

ψ_1 = x�^{(α+βb=2)}(x^2 + b)(1 + a_1 f )e�^{βx2=4}, γ = 1 − 2α.

For n = m,

E_m = k + D + 2(m − 1)β, ψ_m = x�^{(α+βb=2)}(x^2 + b) m ∑_{s=0}^as^{f s. (15)}

In order to verify the consistency of the method under consideration, the simplest way is to return to the special case of two parameters by making the use of transfomations (30). The interested reader can then check that the results (13) and (14) found here are in exact agreement with those obtained in other papers quoted above.

As these solutions are actually well known, it does not seem necessary to carry on further the discussion in this direction. It is more important to underline the following remarks:

1) The assumed positive values of the quantity b as well as the normalization of the eigenfunctions require that α < 0, |α| > βb 2 , α + βb 2 = integer, β > 0.

2) Let α + βb/2 = −m, m = 0,1,2,.... The above solutions have been derived for the cases m = 0,1, which means that to each state |n⟩, there may be two types of solutions depending on the choice of m, the even and the odd solutions, respectively. However, the situation becomes qualitativelly different for m > 1, since

V (α,β,k,b : x) = m(m − 1) x^2 + β^2x^2 4 + kx^2 x^2 + b

. (16)

3) When b → ∞ and A_m → 0, so that (7) reduces to a two terms recursion relation which can be solved exactly, corresponding to a combination of a harmonic plus inverse harmonic term for the interaction [9].

4) For m = 0,1, one may wonder what would be the conditions such that the interaction (6) may present a double-well structure? From the relation dV dx = x [ β^2 2 + 2kb (x^2 + b)^2 ]

it can be shown that this condition must be:

x(−∞, +∞), β > 0, b > 0, k < 0 and √ |k| > β √ b 2 . (17)

4. Exactly solvable doublet

Consider two exact solutions ψ_n and ψ_q. They correspond to two different interactions V_n and V_q since their construction depends on two different constraints

F_n(α,β,k,b) = 0 and F_q(α,β,k,b) = 0. (18)

The states |n⟩ and |q⟩ are components of a doublet when they are eigenstates of the same potential.

In order to construct this potential, it can be noted from (18) that it will always be possible to eliminate one of the parameters from one of the constraints and use it in the second one resulting in a reduced type of constraint with one parameters less, for instance:

f_{n;q}(k(α,β,b),β,b) = 0.

If this equation can be solved exactly, then a constraint between the remaining parameters can be obtained from which the whole set of exact solutions for the ŞdoubletŤ can be inferred.

For convenience in the ensuing discussion, these doublets will be designated by a pair of numbers using the following notation [(n,m); (q,m)], the ^rst and second number referring to the order of the excited state and the choice of the number m.

Example I. The simplest doublet is [(0,1); (1,0)]. Noting that the two choices for the

parameter m above corresponds to the relations γ = bβ + 1 for the ^rst choice, and γ = bβ + 3 for the second one.

For this case, the reduced constraint is simple:

f_{0;1}(β,b) = βb − 3 = 0,

leading to the following solutions:

b =^3_β , k = −4β , E_0 = −^1_2 β , ψ_0 ≈ x(x^2 +^3_β )e�^{βx2=4} , E_1 = +^1_2 β , ψ_1 ≈ (x^2 +^3_β )(x^2 −^3_β )e�^{βx2=4} , where β is arbitrary but must be positive. These results show the following:

• The existence of a double-well structure is found, since the condition (17) is always satis^ed here.

• Using the transformation (30), the reader may verify that the above results are in exact agreement with those obtained by other authors with other types of formulation, for instance supersymmetrisation or expansion in term of the variable [10Ű15].

Example II. The doublet to be considered here is [(0,1); (2,0)]. The reduced con-

straint is f_{0;2}(β,b) = β^2b^2 + 3βb − 6 = 0. (19)

The solutions are: +1.37β and −4,372β. As both β and b are assumed to be positive, only the ^rst solution is retained. Hence, the solutions are:

k = −6.3725β,

E_0 = −2.8725β, ψ_0 ≈ x(x^2 +

1.3722 β )e�βx^2=4,

E_2 = +.1275β, ψ_2 ≈ (x^2 +

1.3722 β ) ( x^4 − 12 β x^2 +

24.1729 β^2 ) e�βx^2=4.

• Again, the condition (17) remains valid, implying the existence of a double-well structure of the interaction.

• For the special case β = 2, an agreement with some authors [11,13] is obtained.

A remark: It should be mentioned that some other possibilities, for instance in Example I, are:

[(00);(11)] , [(01);(11)] , [(00);(11)] .

While the ^rst two cases do not lead to any solution, the third one may be signi^cant (real solution) in which the quantity b must be negative.

This alternative situation, which persists for other excited states is, however, not of concern for the moment and will be developed later on.

Generalisation. The use of the relation α +^1_2 βb = m in this formulation provides

a natural way to extend the discussion from a more general point of view. Obviously, if m /= 0,1, the solutions developed in the ^rst part correspond to the cases (16). Extension means that the quantity γ must be written as:

γ = βb + 2m + 1 or γ = βb + 2m + 3 (m → m + 1). (20)

With this generalisation, the problem is subject to a radical qualitative shift, since the interaction (16) is now a double-well separated by an in^nite barrier. However, the line of reasoning stil remains valid from the mathematical point of view so that this new situation is also exactly solvable but with appearance of a new type of solution referred to as solution of type II.

Exact solutions of type I. The constraint corresponding to a state |n⟩ can be written as k_n(γ,β,b,k) = 0,

where γ is given by (20).

Example I. Following exactly the same procedure with γ = βb + 2m + 1, the solutions

are:

k = −2(β +

2m + 1 b ), b is arbitrary, E_0 = (m − 1 2 )β − 2 2m + 1 b ,

ψ_0 ≈ x^m(x^2 + b)e�^{βx2=4}. (21)

This is the case (8) discussed in Ref. 11.

Example II. For the ^rst excited state

k = − [ 3β +

7 + 6m b + √ Δ ] ,

Δ = β^2 +

2β(2m − 3) b + 4m(m + 5) + 25 b^2 ,

E_1 = 3 2 β + k, ψ_1 ≈ x^m(x^2 + b)(x^2 + A_1)e�^{βx2=4}, (22)

A_1 = − 1 8 [ β + 2m + 5 + √ Δ b ] .

Remarks:

(a) Since β and b are assumed to be positive, the quantity A_1 must be negative, indicating that this state represents effectively the ^rst excited state (existence of a single node).

(b) It can be veri^ed that for the special case m = 0, and after using the reduction (30) which leads to the type of interaction (2), λ = k b = −(6 + 7m) + √ [25g^2 − 12g + 4]

which, of course, is a well known result.

(c) The same line of reasoning remains valid for higher excited states.

Exact solutions of type II. Consider now the couple {(0,m+1); (n,m)}. The reason

for the change of notation will be clari^ed below. From the ^rst part above, we know that the exact eigenfunctions must take the form

ψ_0 ≈ x^{m+1}(x^2 + b)e�^{βx2=4},

ψ_n ≈ x^m(x^2 + b) ( ∑_p^ap^{f p} ) e�βx^2=4.

The exact solutions depend on the constraints

k_0(γ,β,k,b) = 0 k_n(γ,β,k,b) = 0 (23)

given above.

Following the same procedure as in the second part, one can derive the reduced constraint f_{0;n}(β,b,m) = 0. (24)

Solving the last equation leads to a certain relationship between the parameters β, b and m from which the whole set of eigenfunctions and eigenvalues are derived.

Example. Consider the couple {(0,m + 1), (1,m)} for which the reduced constraint

reads:

f_{0;1}(β,b,m) = βb − (2m + 3) = 0,

so that the set of solutions is:

k = −4β, b =

2m + 3 β ,

E_0 = −

2m − 1 2 β, ψ_0 ≈ x^{m+1}(x^2 +

2m + 3 β )e�βx^2=4,_(25_)

E_1 =

2m + 1 2 β, ψ_0 ≈ x^m(x^2 +

2m + 3 β )(x^2 +

2m − 3 β )e�βx^2=4.

One should note:

- For the special case m = 0, these results reduce exactly to those obtained in the second part (Example I). This is expected since the removal of the singular term m(m ± 1)/x^2 requires ψ_0 and ψ_1 to be the two components of a ŞdoubletŤ.

- For m > 0, they are not components of a doublet since they are eigenfunctions of two different interactions. Therefore, ψ_0 and ψ_1 must be interpreted as eigenfunctions corresponding the potential (16) with m(m ± 1).

These types of solutions are new since, at least to our knowledge, they have not yet been mentioned in the literature.

The procedure can be continued to higher states for which the reduced constraint corresponds to an n-th order algebraic equation. For instance, with the couple {(0,m + 1), (2,m)}, for which the reduced constraint is

y^2 + (3 + 4m 3 )y − [2m( 2 3 m + 3) + 6] = 0,

the exact solutions are then A = 64 9 m^2 + 32m + 33, B = √ A − (3 + 4 3 m),

k = −2β [ 1 + 2m + 3 B ] ,

E_0 = −4β

2m + 3 B , E_2 = E_0 + 3β,

with the analytic expression of the solutions:

ψ_0 ≈ x^{m+1}(x^2 + B 2β )e�βx^2=4,_(26_)

ψ_1 ≈ x^m(x^2 + B 2β )(1 + a_1 f + a_2 f^2)e�^{βx2=4},

where the coef^cients a_1 and a_2 can be inferred from (12):

a_1 = − β 4 2m + 3 B , a_2 =

0.5092β^2 B^2 ( 1 2 B − 2 3 m − 1).

Again, note that for the special case m = 0, they reduce exactly to the results given above for the doublet [(0,1);(2,0)].

It should be noted that as m must be a positive integer, it can be considered as a dynamical parameter. For example, in the 3-dimensional space, it may be identi^ed with the usual orbital quantum number l so that for the state |n⟩, s ≤ l, and the solution must be multiplied by the usual spherical harmonics Y^s_l (θ,ϕ), i.e., with a (2l + 1)-fold degeneracy, and x[0,∞].

On the other hand, m can also be considered as a static parameter and may take any positive integer value with no degeneracy.

5. Summary

It has been shown that:

(a) The inclusion of an arbitrary positive parameter β may serve to make more ~exible the use of the solutions.

(b) For m = 0, two exactly solvable doublets have been constructed implying the existence of a double-well structure of the corresponding potential. In fact, we have also veri^ed numerically that this property does remain valid for doublets with n = 3,4 and 5.

(c) For m /= 0, two types of exact solutions have been found and are given in Eqs. (21) and (22) for type I and in Eqs. (25) and (26) for type II.

It may be useful to observe the fact that the present uni^ed approach can, in some sense, be regarded as part of a more global treatment of quasi-exactly solvable problems which will be presented elsewhere.

References

1) H. Haken, Laser Theory, Encyclopeadia of Physics 25/2c (Van Nostrand) p. 197; 2) H. Risken and H. D. Vollmer, Z. Phys. 201 (1967) 323; 3) S. N. Biswas et al., Phys. Rev. D 18 (1978) 1901; 4) C. Stubbins and M. Gorstein, Phys. Lett. A 202 (1995) 34; 5) G. P. Flessas, Phys. Lett. A 83 (1981) 121; 6) C. S. Lai and H. E. Lin, J. Phys. A 15 (1980) 1495; 7) V. S. Varma, J. Phys. A 14 (1981) L489;

8) R. Pons and G. Marcilhacy, Phys. Lett. A 152 (1991) 235; 9) R. S. Kaushal, Pramana J. Phys. 42 (1994) 315; 10) M. H. Blecher and P. G. L. Leach, J. Phys. A 20 (1987) 5923; 11) J. A. C. Gallas, J. Phys. A 21 (1988) 3393; 12) P. Roy and R. Roychoudhury, J. Phys. A 23 (1990) 1657; 13) E. D. Filho and R. M. Ricotta, Mod. Phys. Lett. A 4 (1989) 2283; 14) S. K. Bose and N. Varma, Phys. Lett. A 141 (1989) 141; 15) A. Lakhtakia, J. Phys. A 22 (1989) 1701.

EGZAKTNA RJE“SENJA NEPOLINOMNOG MEDŰ UDJELOVANJA

Istra“zuje se egzaktno rje“savanje nepolinomnog medŰudjelovanja. Raspravlja se problem dvojamnog potencijala i predstavljaju novi tipovi egzaktnih rje“senja.