ISSN1330–0016 CODEN FIZBE7

EFFECTS OF NEGATIVE IONS ON THE ION–ACOUSTIC SOLITONS AND DOUBLE–LAYERS IN A RELATIVISTIC PLASMA

SAILENDRA N. PAUL^1, KALYAN K. MONDAL^2 and ASESH ROYCHOWDHURY

Centre for Plasma Studies, Faculty of Science, Jadavpur University, Calcutta – 700032, India

Received 29 August 1995

UDC 530.182

PACS 52.35.Sb, 52.60.+h

Korteweg–de Vries equation for a relativistic plasma consisting of electrons, positive ions and negative ions has been derived using the reductive perturbation method for the study of ion–acoustic solitary waves. Near the critical density of negative ions for which the nonlinearity of Korteweg–de Vries equation vanishes, the modified Korteweg–de Vries equation has been derived. Formation of double layers is analysed from the mixed form of Korteweg–de Vries and modified Korteweg–de Vries equations. Profiles of ion–acoustic solitons and double layers are shown for the plasmas having (H^+, Cl^−) ions, (H^+, O^−) ions, (H^+, SF^−_5 ) ions and (He^+, SF^−_5 ) ions.

1. Introduction

Linear and nonlinear propagation of waves through a plasma consisting of electrons, positive ions and negative ions have been studied by many authors [1–6]. It has been found that negative ions have dominant role on the instability [7–9],

1Permanent address: Serampore Girls’ College, Hooghly, West Bengal, India, Pin: 712201. 2Permanent address: Raya Peary Mohan College, Hooghly, West Bengal, India.

wave–parameter shift [10–13] etc. of electromagnetic waves and also on the formation of ion–acoustic solitons [14–19] in plasma. Propagation of waves in a relativistic plasma having streaming ions has been found to be most interesting [20–22]. It has been observed that relativistic effect plays an important role on the formation of ion–acoustic solitons only in the presence of streaming of ions. Roychowdhury et al. [23–26] and other authors [27–32] investigated the propagation of ion–acoustic solitary waves and shocks incorporating different parameters, e.g. non–isothermality, two–temperature electrons etc. Very recently, Chakraborty et al. [33–35] considered the effect of negative ions on the formation of ion–acoustic solitons in relativistic plasmas. They have numerically estimated the width, amplitude and phase–velocity of ion–acoustic soliton for a model plasma having the negative ions which have short lifetimes (or small probability of existence).

In the present paper our motivation is to modify the results of Chakraborty et al. [33–35] for laboratory–produced negative ion–plasma, with e.g. (H^+, Cl^−) ions, (He^+, Cl^−) ions and (H^+, O^−) ions. We have also analysed the ion–acoustic solitons near the critical density of negative ions. The effect of negative ions on the ion–acoustic double layers for the laboratory plasma has also been studied.

2. Basic equations

We consider a collisionless, unmagnetized plasma consisting of warm electrons and cold positive and negative ions. The ions have uniform stream velocities. The velocities of the ions are relativistic. The plasma equations for the study of ion– acoustic wave are: for positive ions:

∂n_i ∂t + ∂ ∂x (n_iu_i) = 0, (1)

∂u_{ir} ∂t + u_i

∂u_{ir} ∂x = − ∂ϕ ∂x , (2)

and for negative ions: ∂n_j ∂t + ∂ ∂x (n_j u_j ) = 0, (3)

∂u_{jr} ∂t + u_j

∂u_{jr} ∂x = 1 Q ∂ϕ ∂x . (4)

Poisson’s equation reads

∂^2ϕ ∂x^2

= n_e − n_i + n_j , (5) where

u_{ir} = u_i √ 1 − u^2_i c^2 ,

u_{jr} = u_j √ 1 − u^2_j c^2 ,

Q = m_j m_i ,

n_i = n_i n_0

, n_j = n_j n_0

, ϕ = eϕ kT_e ,

u_i = u_i √ kT_e/m_i

, u_j = u_j √ kT_e/m_j

, (6)

x = x √ kT_e/4πe^2n_0 ,

t = t √ 4πn_0e^2 m_{i,j}

, c = c √ kT_e/m_{i,j} . n_e, n_i, n_j denote the densities of the electrons, positive ions and negative ions, respectively, n_0 is the unperturbed electron density, u_i and u_j are the velocities of positive and negative ions, ϕ is the electrostatic potential, k is the Boltzmann’s constant and c is the velocity of light. The charge neutrality condition is n_{i0} = 1 + n_{j0}.

3. Derivation of Korteweg–de Vries and modified Korteweg–de Vries equations

For the study of ion–acoustic solitons and double layers, we derive the nonlinear equations from the basic Eqs. (1) to (5) using the stretched coordinates ξ and τ given below

ξ = ϵ^{1/2}(x − λt),

τ = ϵ^{3/2}t, (7) where ϵ is an expansion parameter and λ is the phase velocity of the wave. Moreover, we assume the field variables are perturbed in the following form (omitting the bar hereafter):

n_i n_j u_i u_j ϕ = n_{i0} n_{j0} u_{i0} u_{j0} ϕ_0 + ϵ n_{i1} n_{j1} u_{i1} u_{j1} ϕ_1

+ ϵ^2 n_{i2} n_{j2} u_{i2} u_{j2} ϕ_2

+ · · · (8)

(ϕ_0 = 0),

where the first terms on the right–hand side represent the equilibrium values of the respective parameters. Second terms, third terms etc. represent the first order, second order etc. values of the parameters.

The boundary conditions which satisfy the basic equations are:

(i) n_e → 1, ϕ → 0

(ii) n_i → n_{i0}, n_j → n_{j0} (9)

(iii) u_i → u_{i0}, u_j → u_{j0}

at x → ∞.

Now, using Eqs. (7) and (8) in Eqs. (1) to (5) and equating first order power in ϵ, we obtain

n_{i1} = n_{i0}ϕ_1 r_ia^2_i

, n_{j1} = n_{j0}ϕ_1 Qr_j a^2_j ,

u_{i1} = ϕ_1 r_ia_i

, u_{j1} = ϕ_1 Qr_j a_j

, (10)

ϕ_1 = n_{i1} − n_{j1} ,

where

a_i = λ − u_{i0}, a_j = λ − u_{j0},

r_i =

1 + 3u^2_{i0}

2c^2 and r_j =

1 + 3u^2_{j0} 2c^2 .

From Eq. (10), the first–order dispersion relation is obtained as

n_{i0} r_ia^2_i + n_{j0} Qr_j a^2_j

= 1. (11)

From the next higher–order equation in ϵ, we obtain

∂n_{i1} ∂τ − λ ∂n_{i2} ∂ξ + n_{i0}

∂u_{i2} ∂ξ + u_{i0}

∂n_{i2} ∂ξ + ∂ ∂ξ (n_{i1} u_{i1} ) = 0, (12)

∂n_{j1} ∂τ − λ ∂n_{j2} ∂ξ + n_{j0}

∂u_{j2} ∂ξ + u_{j0}

∂n_{j2} ∂ξ + ∂ ∂ξ (n_{j1} u_{j1} ) = 0, (13)

r_i

∂u_{i1} ∂τ − a_i

∂u_{i2} ∂ξ + p_iu_{i1}

∂u_{i1} ∂ξ = 0, (14)

r_j

∂u_{j1} ∂τ − a_j

∂u_{j2} ∂ξ + p_j u_{j1}

∂u_{j1} ∂ξ = 0, (15)

∂^2ϕ_1 ∂ξ^2

= ϕ_2 + ϕ^2_1 2 + (n_{j2} − n_{i2} ), (16)

where

p_i = 1 +

9u^2_{i0} 2c^2 − 3λu_{i0}

c^2 and

p_j = 1 +

9u^2_{j0} 2c^2 − 3λu_{j0}

c^2

. (17)

Eliminating ϕ_2, n_{i2} , n_{j2} , u_{i2} and u_{j2} from Eqs. (12) to (16) and using Eq. (10), we derive the following Korteweg–de Vries equation

∂ϕ_1 ∂τ + A_{ij} B_{ij} ϕ_1

∂ϕ_1 ∂ξ + 1 2B_{ij}

∂^3ϕ_1 ∂ξ^3

= 0, (18)

where,

A_{ij} = 1 r^2_i a^2_i b_i − 1 Q^2r^2_j a^2_j b_j + ( p_in_{i0} 2r^3_i b^4_i − p_j n_{j0} 2Q^2r^3_j b^4_j ) − 1 2 ,

B_{ij} = 1 2 ( n_{i0} r_ib^3_i + n_{j0} Qr_j b^3_j + 1 r_ia_ib_i + 1 Qr_j a_j b_j ) , (19) b_i =

(λ − u_{i0})^2

n_{i0} and b_j =

(λ − u_{j0})^2

n_{j0} . From Eq. (18), it is observed that when A_{ij} → 0, ion–acoustic soliton will not exist. A_{ij} will be zero for certain values of the negative–ion concentration which can be obtained from the following relation,

n_{jc} = [ 2n_{i0} a^4_i r^4_i

(a_ir_i − p_i) − 1 ] · [ 2 Q^2a^4_j r^4_j

(Qa_j r_j − p_j )

]_{−1} . (20)

For the study of the ion–acoustic soliton near the critical density of negative ions given by Eq. (20), we employ the stretched coordinates

ξ = ϵ(x − λt) and τ = ϵ^3t. (21)

Using Eqs. (8) and (21) in Eqs. (1) to (5), the equations for the first–order of ϵ are the same as given by Eq. (10). But, for the next higher order of ϵ, we obtain

−a_i

∂n_{i2} ∂ξ + n_{i0}

∂u_{i2} ∂ξ + ∂ ∂ξ (n_{i1} u_{i1} ) = 0, (22)

−a_j

∂n_{j2} ∂ξ + n_{j0}

∂u_{j2} ∂ξ + ∂ ∂ξ (n_{j1} u_{j1} ) = 0, (23)

−a_ir_i

∂u_{i2} ∂ξ + p_iu_{i1}

∂u_{i1} ∂ξ = − ∂ϕ_2 ∂ξ , (24)

−a_j r_j

∂u_{j2} ∂ξ + p_j u_{j1}

∂u_{j1} ∂ξ = 1 Q ∂ϕ_2 ∂ξ , (25)

ϕ_2 + ϕ^2_1 2 + n_{j2} − n_{i2} = 0. (26)

Eliminating ϕ_2, n_{i2} , n_{j2} , u_{i2} and u_{j2} from Eqs. (22) to (26) and using Eq. (10), we finally obtain the modified Korteweg–de Vries equation

∂ϕ_1 ∂τ + A^′_{ij} 2B_{ij} ϕ^2_1

∂ϕ_1 ∂ξ + 1 2B_{ij}

∂^3ϕ_1 ∂ξ^3

= 0, (27)

where A^′_{ij} = 1 2 A_{ij} .

From Eqs. (18) and (27) we derive the following combined form of modified Korteweg–de Vries equation:

∂ϕ_1 ∂τ + A_{ij} B_{ij} ϕ_1

∂ϕ_1 ∂ξ + A^′_{ij} 2B_{ij} ϕ^2_1

∂ϕ_1 ∂ξ + 1 2B_{ij}

∂^3ϕ_1 ∂ξ^3

= 0. (28)

4. Ion–acoustic solitary wave

Equation (27) gives the ion–acoustic solitary wave solution at the critical density of negative ions,

ϕ_1 = A sech ( μξ − Uτ δ ) = A sech Θ, (29)

where A and δ are the amplitude and width of the soliton, respectively, given by

A = 2 √ 3 U δ 1 A^′_{ij}

(30)

Fig. 1. Form of the solitary wave in the case when the ions are He^+, Cl^− for various values of n_{j0}.

Fig. 2. The structure of the solitary wave when the ion are He^+, Cl^− for different values of u_0/c (right).

and δ = √ μ^3 2B_{ij} U

. (31)

Fig. 3. The variation of the soliton profile with the ion content of the plasma.

From Eqs. (29)–(31), it is observed that the negative ions and the relativistic stream velocity of the ions have important role on the formation of ion–acoustic soliton in the plasma. To see the effect of negative ions and stream velocity on the solitons, we consider the plasmas having (H^+, SF^−_5 ), (He^+, Cl^−) and (He^+, SF^−_5 ) ions with different streaming velocities. Using the solitary wave solution (29) near the critical density of negative ions, the potential ϕ_1 is estimated and plotted in Figs. 1, 2 and 3. It is seen that for the increase of negative ion concentration (n_{j0}), the potential ϕ_1 increases. But, for the increase of mass ratio Q and u_0/c, the potential ϕ decreases. It is to be noted that the critical densities n_{jc} of negative ions for the non–existence of solitons are:

(i) n_{jc} = 0.74 for Q = 9 (He^+, Cl^−), u_0 = 0.4, u_0/c = 0.3, (ii) n_{jc} = 0.8 for Q = 16 (H^+, O^−), u_0 = 0.4, u_0/c = 0.3, (iii) n_{jc} = 0.85 for Q = 35.5 (H^+, Cl^−), u_0 = 0.4, u_0/c = 0.4, (iv) n_{jc} = 0.57 for Q = 9 (He^+, Cl^−), u_0 = 0.6, u_0/c = 0.5, (v) n_{jc} = 0.6 for Q = 9 (He^+, Cl^−), u_0 = 0.9, u_0/c = 0.8.

4.1. Ion–acoustic double layers

Equation (28) represents the ion–acoustic double layers in the plasma near critical density of negative ions. Solution of Eq. (28) for the double layers is

ϕ_1 = 1 2 Θ(A_{ij} )ϕ_m(1 − tanh X), (32)

where X = √ − B_{ij} 48 ϕ_m(ξ − ωt). (33)

It is seen that the quantities A_{ij} and B_{ij} depend on the plasma parameters i.e., density of negative ions, relativistic effect, streaming velocities of ions etc. To investigate the ion–acoustic double layers for various negative ion–plasmas having (H^+, O^−) ions, (H^+, Cl^−) ions and (He^+, Cl^−) ions, we have plotted Eq. (32) in Figs. 4, 5 and 6. In Fig. 4, it is seen that potential ϕ_1 is larger for large values of u_0/c and ϕ_1 falls more rapidly than at lower values of u_0/c, i.e. u_0/c = 0.5 and 0.3. Figure 5 shows that double layers are more prominent when the concentration of negative ions is large. But, from Fig. 6, we see that for small values of Q, strong double layers are generated.

Fig. 4. The structure of the shock wave in the case of He^+, Cl^− for n_{j0}/n_{i0} = 0.2.

Fig. 5. The same form of the shock wave for various u_0/c values (right).

Fig. 6. Variation of the shock profile with ion content.

5. Concluding remarks

From our present study, we observe that negative ions have significant role on the formation of ion–acoustic solitons and double layers in a relativistic plasma having streaming of ions. We have only shown the profile of solitary waves and double layers. But, graphical representation of width and amplitude of the solitary wave will also show the importance of negative ions in the plasma. The effects of ionic temperatures are important for the occurence of solitons and double layers in a plasma [36–39]. So, inclusion of ionic temperature in our present analysis would give some fascinating characteristic of solitary and double layers in relativistic plasma. Experimental observations of ion–acoustic solitary wave in plasma were made by Ikezi et al. [40] and other authors [41–44]. In a negative–ion plasma, Nakamura et al. [45,46] and other authors [47,48] experimentally observed the ion– acoustic soliton and shocks. In astrophysical plasma and in laser–induced laboratory plasma, relativistic ions have been detected. However, ion–acoustic solitons and double layers in relativistic plasma have not yet been investigated in the laboratory. So, we are unable to compare our present theoretical results with experimental observations.

References

1) J. Smith, J. Geophys. Res. 70 (1965) 1; 2) C. Uberoi, Phys. Fluids 16 (1973) 704;

3) G. S. Cho, Phys. Fluids B2 (1990) 2272;

4) W. A. Scales and P. A. Bernhardt, J. Geophys. Res. 96 (1991) 13815; 5) B. Song, N. D’Angelo and R. L. Merlino, Phys. Fluids B3 (1991) 284; 6) N. D’Angelo, IEEE Trans Plasma Sci. 20 (1992) 568; 7) A. K. Sur, Czech. J. Phys. B 38 (1986) 53;

8) M. Saito, S. Watanabe and H. Tanaca, J. Phys. Soc. Japan 53 (1984) 2390; 9) A. K. Sur, G. C. Das, B. Chakraborty, S. N. Paul and L. Debnath, J. Math. & Math.

Sci. 12 (1989) 749;

10) A. K. Sur, S. N. Paul and B. Chakraborty, Bulg. J. Phys. 15 (1988) 6; 11) A. K. Sur, P. K. Kashyapi, S. N. Paul and B. Chakraborty, Aust. J. Phys. 40 (1987) 605;

12) S. N. Paul, A. K. Sur and G. Pakira, J. Plasma Phys. 41 (1989) 47; 13) P. K. Kashyapi, B. Chakraborty and S. N. Paul, Phys. Rev. E 48 (1993) 2964; 14) G. C. Das, IEEE Trans. Plasma Sci. 3 (1975) 168; 15) S. Watanabe, J. Phys. Soc. Japan 53 (1984) 1950;

16) Y. Hase, S. Watanabe and H. Tanaca, J. Phys. Soc. Japan 54 (1985) 4115; 17) S. G. Tagare and R. V. Reddy, J. Plasma Phys. 35 (1986) 216; 18) F. Verheest, J. Plasma Phys. 39 (1988) 71; 19) S. K. El-Labany, Astrophys. Space Sci. 191 (1992) 181; 20) G. C. Das and S. N. Paul, Phys. Fluids 28 (1985) 823;

21) G. C. Das, B. Karmakar and S. N. Paul, IEEE Trans. Plasma Sci. 16 (1988) 22; 22) S. N. Paul, S. Chakraborty and A. Roy Chowdhury, Aust. J. Phys. 47 (1994) 59; 23) A. Roychowdhury, G. Pakira and S. N. Paul, J. Plasma Phys. 41 (1989) 447; 24) A. Roychowdhury, G. Pakira and S. N. Paul, IEEE Trans. Plasma Sci. 17 (1989) 804; 25) A. Roychowdhury, G. Pakira, K. Roychowdhury and S. N. Paul, Nuovo Cimento D 12 (1990) 1025;

26) A. Roychowdhury, G. Pakira, S. N. Paul and K. Roychowdhury, J. Plasma Phys. 44 (1990) 253;

27) Y. Nejoh, J. Plasma Phys. 38 (1987) 439; 28) Y. Nejoh, Phys. Fluids 3 (1988) 2914; 29) Y. Nejoh, Phys. Lett. A 123 (1987) 245;

30) M. Salauddin, Plasma Phys. and Controlled Fusion 32 (1990) 31; 31) J. Mukhopadhyay, G. Pakira and A. Roychowdhury, Aust. J. Phys. 47 (1993) 807; 32) K. Roychowdhury, S. N. Paul and A. Roychowdhury, Aust. J. Phys. 47 (1994) 785; 33) S. Chakraborty, A. Roychowdhury and S. N. Paul, Inter. J. Theor. Phys. 31 (1992) 343;

34) S. Chakraborty, A. Roychowdhury and S. N. Paul, Inter. J. Theor. Phys. 32 (1993) 1465;

35) S. Chakraborty, S. N. Paul and A. Roychowdhury, Fizika A 3 (1994) 97; 36) S. G. Tagare, Plasma Phys. 15 (1973) 1243;

37) C. S. Lai, Can. J. Phys. 57 (1979) 490;

38) G. C. Das, S. N. Paul and B. Karmakar, Phys. Fluids 29 (1986) 2192; 39) R. K. Roychowdhury and S. Bhattacharayya, Can. J. Phys. 65 (1987) 699; 40) H. Ikezi, R. J. Taylor and D. R. Baker, Phys. Rev. Lett. 25 (1970) 11; 41) H. Ikezi, Phys. Fluids 16 (1973) 1668; 42) M. Q. Tran, Phys. Scripta 20 (1979) 317; 43) Y. Nakamura, IEEE Trans. Plasma Sci. 10 (1982) 180; 44) K. E. Lonngren, Plasma Phys. 25 (1983) 943;

45) Y. Nakamura and I. Tsukabagashi, Phys. Rev. Lett. 52 (1984) 2354; 46) Y. Nakamura, J. L. Ferreira and G. O. Ludwig, J. Plasma Phys. 33 (1985) 237; 47) G. O. Ludwig, J. L. Ferreira and Y. Nakamura, Phys. Rev. Lett. 52 (1984) 257; 48) Special Issue for RIKKEN Symposium on Basic Processes of Plasma Physics and Diagnostic of Negative Ion Plasma, July 1989, Edited by N. Sato and A. Amemiya (Publisher City, 1990), Vol. 5, p.1.

UTJECAJ NEGATIVNIH IONA NA IONSKO–AKUSTIČNE SOLITONE I DVOJNE SLOJEVE U RELATIVISTIČKOJ PLAZMI

Izveli smo Korteweg–de Vriesovu jednadžbu za relativističku plazmu koja se sastoji od elektrona i pozitivnih i negativnih iona, primjenom perturbacijske metode za ionsko–akustičke solitonske valove. Za područje oko kritične gustoće negativnih iona izveli smo modificiranu Korteweg–de Vriesovu jednadžbu. Analizu stvaranja dvojnih slojeva načinili smo miješanom nemodificiranom i modificiranom Korteweg–de Vriesovom jednadžbom. Prikazujemo profile ionsko–akustičkih solitona za plazmu s (H^+, Cl^−), (H^+, O^−), (H^+, SF^−_5 ) i (He^+, SF^−_5 ) ionima.