ISSN 1330—00t6
CODEN FIZBE7

SECOND ORDER APPROXIMATION TO THE MEAN DISPLACEMENT
OF A PARTICLE COUPLED WITH A HEAT BATH AND DRIVEN BY
AN EXTERNAL FORCE

GEORGIA C. KOSTAKIS
» Physics Department, ‘Hellenic Air Force Academy, Dekelia, Attikis, Greece
CONSTANTIN G. KOSTAKIS
Technologicdl Institute of Pireaus, Egﬁleo, Athens., ‘Greece
Received 10 March 1992
UDC 530.145

Original scientific paper

The interaction of a quantum particle with a heat bath of quantum oscillators
under the influence of an external force has been studied and the mean displace-
ment of this particle has been computed up to second order approximation in the
propagator. The heat bath has been considered as Brownian and the characteristic
frequencies are close to the characteristic frequency. of the particle. The mean.
displacement of the particle has been found to oscillate with time. The tempera-
ture dependence of the mean displacement follows an exponential function of e~ /T,

1. Introduction

The behaviour of a quantum particle coupled with a heat bath has been stu-
died by many authors. Iche and Nozieres?’ have been considered a heavy particle
in a thermal bath. The statistical properties of a quantum mechanical system of
quantum oscillators have been found to be of the generalized Langevin form (Lin-
denberg and West?’). Caldeira and Leggett have been studied this mo:el under
the influence of an external force using a path integral approach34. The corre~
lation functions of such a model have been calculated by Astangul, Pottier and
Saint James®’.
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In this work we study the problem of a quantum particle in a thermal bath
under the influence of an external force. The heat bath is initially in thermal equi-
librium and the density operator obeys a Bolzmann distribution. The perturbed
part of the Hamiltonian has been treated with the aid of Feynman’s perturbation
formula for the propagator. The propagator has been calculated up to second
order approximation.

In the calculation of the second order approximation to the propagator we
considered another approximation involving the dependence on 4w, where Aw, =
= @, — o is the difference between the eigenfrequencies of the particle and the
oscillators of the heat bath.

In many cases one frequency is close to the frequency of the particle and
the others do not contribute to the final result.

2. Formulation of the problem

a) Coherent states

For the harmonic oscillator problem, we use the creation and annihilation
operators, a* and a, respectively, and a complete set of basis vectors.

Glauber® defined the eigenvector of the non Hermitian operator by:
ala) = ale). (D
The coherent states |a) can be shown to obey the following relation:
la> ¢ , EOV”! ln> (2)
and they form a complete set of states, i. e.:

f%"m &df =1, (3)

where
d%a = d (Re @) d (Im a). 4)

Coherent states have been extensively uséd, see for example Ref. 3.
The operation of a* upon the eigenstates |a) leads to the formula:

a* |a) = (532 + —g) |a>s &)
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where the bar over o means complex conjugation. Another useful relation of the
coherent states is:

LT L. 4
2 & 2

(ald') =e exa’, 6)

For more details on coherent states see Refs. 2, 4 and 6.

b) The propagator

For a time independent Hamiltonian the evolution operator U (¢/t") is given by :

U ) =ewp [~ 4 HE— 0], Q
and the propagator associated with two different states is given by:

K(atla'0) = (a|e” e la’>. (8)

The difficulty arises when the terms consisting the Hamiltonian operator don’t
commute with each other, and so they can not be separated. For more details on
non commuting operator see Ref. 10 and Baker-Hausdorft’s theorem of group
theory!?).

When the Hamiltonian consists of two parts
H=H + H 9

that don’t commute with each other, ‘'we use Feynman’s perturbation the-
ory!? to compute the propagator K (az|a’ 0). In Eq. (9), H' is the perturbed
part of the Hamiltonian. In what follows we are going to use the symbol
K (¢) for the propagator K (at| e’ 0), which is the probability for a system
being in state «' at time ¢ = 0, to go to the state a at time ¢ =¢.

The solution of the Schrodinger equation

is the zero-order approximation of the propagator of the system and is given by
Ko (at]a’ 0) = (a| e=ifhot |a’). (11)

In order to find the first order approximation we use the known Feynman's
formula:

K0 =Ko @ —+ [ Kotile) B ) Ko () e, (12)
0

where K, (t|r) means K, (t — 7).
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In our work we go up to second order approximation for the propagator,
which is given by:

K, (1) = Ko (1) — ;i_ f K, (t]0) H' (z) K, (z) dr. (13)
0

The propagator associated with the Hamiltonian of the system can be used to
propagate in time any operator describing a variable of the system. If A (¢,) is
an operator at time 7 = 7z, the same operator at time ¢ is:

A (1) = U~ (t]20) 4 (20) U (t[20); (14)
where U™ (t]t,) is the Hermitian adjoint of U (¢]¢,).

¢) The density matrix

In order to compute mean values associated with our‘system we use a proce-
dure based on the density operator, which at time z = 0 is given by:

‘R‘(a, wh) = E:f—%if—, (ﬁ = RI—T—) (15)

where Z is the normalizing factor given by the trace of the matrix
N 5 d%a
Zo=Tre-fhea “zf(a]e“ﬂ""’“ “\a>~a——. (16)

The den_sity operator at time ¢ is given by:
R (1) = U(t]0) R,U* (2]0). (17
We evaluate thermal averages using the generalized Wick’s theorem?®?.
The Hamiltonian of our problem is such that
U* (5) = U(—1), (18)
because the annihilation and creation operators obey the following property:
((a*a))* = (a*a) (19)
so the density operator (17) is given by:
R@)=U@)R U (—1). (20)
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To find the matrix elements of our operators we make use of the well known
(see for example Ref. 11)formula:

o e

2
(ale~*a*a| o'} = exp [e—xﬁa’ —5 LZA] (21)
The matrix elements of the equilibrium density operator are given by:

<a1e-—ﬂhwa+a la’\/

o (@) = 22 22)

From Eq. (16) we can find Z,

d’a 1
— —8hwat o e —Bhkon — _
Zy= [ <dle atala) . §e B —==7% (23)
and from Eq. (21) we obtain
. 2 2
(a| e~Bhwa*talq"), = exp (e““‘"&a’ _L‘ﬂ,_[}%)_ 24
The equilibrium density ‘matrix elements in (22) are given by:
LI 1
oo (0, @) = (1 —e-Bho)exp(e—Phega)e 2 e 2. (25)

If we know the density matrix R, we can compute the mean value of any operator
M, from the trace of the matrix MR:

(M> = Tr (MR). (26)

3. The density matrix for a particle in a thermal bath

The Hamiltonian of a quantum particle coupled to a thermal bath and driven
by an external force F is given by:

= ¥ hog axax + ko ata + Y Cx(a™ + a)(af + ax) — F(a®™ + a). (27)
K K

The third term in the Hamiltonian represents the interaction of the particle with
the bath and the coupling constants Cx are small.
The Hamiltonian (27) can be separated in two parts, H, and H, w where

Hy, = Y hwgag ax +hoa' a (28)
K
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is the Hamiltonian that corresponds to the particle and to the system of oscilla-
tors, and

H = (a* + a) 1% Cx (at + ax) — F(a* + a) (29)

which is the perturbed part of the Hamiltonian associated with a weak interaction
of the particle with the oscillators and with the external force excerted on the
particle.

The system is initially in thermal equilibrium and its density operator is given
by the following Boltzmann distribution

e—pBh (}x: wg a:ax+wa+ a)

* #Y s
RO (aKs agsa, a ) Tr (C_ﬁh(ﬁ WK a;' ax + wa+q))' (30)
The matrix elements of the density operator are:
(axa| Ry (ax, af,a,a*) jag a’> = I1 1 — e~phox) (1 — e~ %) .
K
. exp (T ag ag e~Pheox -+ q o e—bhw)
K
. B ]axll_ EU‘HZ_ }a|2_la'lz)

4. First order approximation of the mean displacement of the particle

We start our evaluations from the propagator K, (z|7) corresponding to the
Hamiltonian H,.

From Eq. (11) we can see that the matrix elements of the zero order propa-
gator is:

Ko (1]0) = exp (X dx ag e=ioxt + @ o’ e=ia) -
K
_ o lal® !aélz_lal’_ia’lz)
-cxp( E 3 Ez > 5 ) 32

We proceed via Feynman’s perturbation theory'? and with the aid of Eq. (12)
we evaluate the first order approximation to the propagator. The matrix element

Cag a| Uy (t]7) H' (1) U, (710) |ag a'>
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(U, (¢) is the evolution operator associated with the zero order propagator K (2))
will be evalvated from the following integral:

'f Laga| Uq (2]7) |ag ") {ay a’| H' (7) U,

xa>d?a’ ITd%ag. (33)
K

For the second factor of this product we use the relation (A12) given in Appendix
I1:

Caf a’| H' (t) Uq (1]0)] ag @’> = exp (T ag age~iox® @'’ o’ e~io7) .
K
5 [(a‘// o i e-—-iw-r) 2 CI( (‘6; + a;{ e-—-iwxr) - F(E” o e-—iwr)] .
K

11'2

n|2 o ’ "2
.cxp(—%la;l ——‘2 ——% 3 —«iazl ) 349

The first factor of Eq. (33) is the zero order propagator K, (z/t) given by (32)
at time 1 — 7.

The integral (33) can be written as follows:

.‘. exp (T ag ag e~iex -0 | g o' e-iw t—2) .
K P
|a}? 2 a 2 a’l?
K

[(an 4_ a e— iwz) 2 CK (6; + a; e—-'ith) . F(al! + a/ e_iw_[)] .

!

- exp (Z aga ge~iox® 4 g'" o’ e—ioT) .

iaP

e (- gl s e gea 69

The integrations over ag and a ’ will be performed with the aid of the generating
function given in Appendix I. The corresponding formulae from Appendix I are
(A4) and (AS) and the matrix element {axa| U, (z/v) H' (7) U, (7/0)] a, ') is:

K, (¢/r) H' (7) Ko (7/0) = [(a e~i®=7) + o' e=io7) -
s z CK (ax e—iok (t-17) ~1’— a;( e*ith) — F(E e-—.iw (1—1) - a"e——-iwz )] .
K

- exp (T ag ag e~ioxt | @ o' e~wr) -
K

: exp(— glod_ 17 2 '—“7'-) (36)

K
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Feynman's formula (12) requires an integration of (36) over 7, that can be easily
performed
The final result for the first approximation of the propagator K, (¢) is:

K, (aagt|a, @' 0) =exp (T ax ape~ioxt + g o' e=iv?) -
K

= Fl %Dx(t)(ﬁxé+ a o) + %Ex(r)(ax d + ala@)+ A@)(a+ o) -

Al e el
cexp(—p ik 0y Tl 1T ) 37
P( =" 2 2= 3 37
where
e—ioxto) — ]
Dg (1) = CK( okitod (38)

Alog + o)

(e—ith — e—iw :)
Alwgx — o)

Eg (1) = Cx (39)

A@) = — (l — e—inr), (40)

This is the first approximation to the propagator of our system and we use this
propagator to compute the first approximation to the density matrix of our system,
which was initially in thermodynamlcal equilibriumi. The first order approxi-
mation of the density matrix is given by:

Ri()= Ui () Ro Uy (—1), (41)

where R, is given by (30)..
To compute the matrix elements of R, (), we use the same method as be-
fore, i. €. we insert a complete set of states between the operators, i. e.

01 (ax, a, a;) a’s t) = <aK al Rl (t)\ ap a/> = J‘ f <ax a[ Ul (t)\ a; a”/\} .
~ala"|Ro|la ') (o «'"| U (—1t)| e, a'>d? a”" [T d? ajd? o I d2 ay
'3 K
(42)

The mathematical work can be seen in Appendix IIT up to first order approxi-
mation to the density matrix and the result is given by (A20).

Now the question is: What is the behaviour of a quantum particle coupled
to a thermal bath and under the influence of an external force? Or, in other words,
what is the average displacement of such a particle? This question can be answered, as
long as we know the density matrix. In terms of the creation and annihilation
operators the operator associated with the position of a particle is a* -~ a. So
the mean value of the displacement of the particle (according to Eq. (26)) will be

given by: .
{a* +ay =Tr((a* + a) Ry (1)). (43)
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; o g 0 . ; ;
We use again the substitution a* - a, a - 5= mentioned in Appendix II, to eva-
a

luate the matrix elements of (43). To find the trace required in (43) of all these
states we choose only the diagonal ones, and we integrate over all these states

@ +a=[[(a+ L) @aeaiaun] o el e @

where
1 e 1 _ lexl?
Y% a = —;e 2 d2 q, D9ray = —e 2?2 d?%ag. (45)

There are only two kinds of integrals that will appear in (44) and that they will
not vanish. These integrals are the following:

fexp(lalz e—fhv) P2 g = —:;fexp [—|af2(1 — eFh=)] d?a = T_—i-_m
- | - (46)
f‘al’ exp (|a|? e=Phv) P2 a = -:TJ. |a]? exp [—]|a|? (1 — e-#h»)]d? a =

S — 7

(1 — e-phoy?’

The general formula in computing these integrals is given by (A9).
Using (46) and (47) in (44) we compute the average displacement of the particle

at +ay = »% (e—iwe - g—iot — 7). (48)

This is a result already known from Ref. 5 but the procedure followed is very
interesting because we can go up to higher order approximation, as we are going
to do in what follows.

5. Second order approximation

The first order approximation to the mean displacement of the quantum par-
ticle coupled to a system of other quantum particles does not show dependence on
the motion of the other particles and the coupling of the test particle with them.
The displacement of the particle is sinusoidal as we can see from (48) and de-
pends only on the external force acting on it, a result in agreement with previ-
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ous ones. We use the same method as in the previous paragraph for the second
order approximation of the propagator. This can be evaluated with the aid of
Feynman'’s formula (13).

The propagator K, (z|0) from (37) will be used in (13) and the matrix elemen
{ag a| K, (1|r) H' (z) K, (2]0) |ag a>
will be evaluated according to the following integrations
f {ag a] Ko (1/7) |ay a'’"> {ay a”| H' () K, (7/0)| aga’> 2* o'’ [] 2?* a.
(49)
The first factor of (49) is given by (32) with the following substituticn:

’ rn .
t>t1—T1, a —a’, a, > a..

The second factor of (49) can be evaluated with the aid of (A12) of Appendix II.

In our problem we consider a set of particles with frequencies close to the
frequency of the particle. Then the thermal bath will affect the motion of the
particle although the coupling is weak. The differences wy — w are small and in

our result we keep only the terms involving p and higher order terms ;all

Wg —
the other terms are neglected because they are small compared to this. In order

to find the propagator K, (ax, a, a,, a’,z) we perform the integration over 7 in
Eq. (13).

The second order approximation to the density matrix is given by:
Ry (1) =U,(#) Ro Uy (—1) (50)

where U, (1) is the evolution operator associated to the propagator with the fol-
lowing formula:

Kz (61(5 63 a;: a', t) = <EK al UZ (t) la; al>' (51)

The matrix elements of (50) can be evaluated as before, i. e. by inserting a com-
plete set of states between the operators and then by integrating over these states.

So the matrix clements of (50) are:
02(Gp d, a), 'y 1) = [ [ Ky(ag, @ o), @', ) Ry (@), @'y aly o'’y 1) +
-

K, (@@, a) dy —1) D " D? o' [] D? d) D? o (52)
K

The integrations involving the coherent states can be performed with the aid of
(A4) — (AS).
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Finally the displacement of the particle up to second order approximation
will be given by:

{a* + ay = f [ ( @+ 5%_) 02 (@, g, @5 aly z)] e D0 I B? ag. (53)
' =g

According to Eq. (51) the propagator K, (ak, a, e}, ', ) will be given by:
K, (ax, @, a, a’, 1) = exp (¥, ax a; e~iox? 4 q a’ e—iwi) -
K
M —fi@ e — fi(t) @) d — g (1) @] @ + g (1) @ )] -

o (150l 5

where

e—iwt — a—iwgt

fi() = 21: of A=) (55)

e—imt _ a-2iwt

(56)

a0 =FEC i o=

We perform the integrations in (52), then the integrations in (53) and we keep
only the real part for the mean displacement {a* -} a).
The final result is:

FC} 1 1
+ — ! . ‘ .
W hay =2 § 1 —e=bhar (1 4 e~#ho)2 A3 (w, — w)? (0, — 20)

“{[—cos (0, — 2w) £ + 1 + cos w t — cos (w, — w) 1] e—4¢he
+ [cos (w; —2w) 2 + 1 + cosw t — cos (w, — w) 2] e~2Bhwrg—ho L
+ 2 [cos (0, — 2w)t — coswt — 1 + cos (w0, — o) £] ey, (57

This is the approximation involving the third order dependence of the mean dis-
placement of the particle in the inverse dw.

The 1esult involves a summation over all frequencies that are close to the
eigenfrequency of the particle. Usually only one frequency, say wy, is close to
that of the particle and only one term remains in (57), the term involving wyg.

The result (57) shows an oscillation of the mean displacement of the particle
and it is positive.
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6. Summary

The problem ot interaction of a quantum particle with a thermal bath has
been studied up to second order in coupling and up to third order in the diffe-
rence of the eigenfrequency of the particle with the frequencies of the quantum
ocillatots ot the bath.

The procedure followed involved a perturbation method for the propagators
of the problem and the use of the density matrix for the evaluation of the averages.
The results, up to first order approximation in the propagator, are in agreement
with previous ones (see for example Ref. 5), but with the method used, we can
proceed up to higher order approximations in the propagator.

We wave computed the mean displacement of such a particle in the presence
of an external force and the results shows an oscillation of the particle as expected.

Appendix I

In order to perform some complex integrations, that otherwise would require
a lot of work, we use a generating function.

oy

F (4 p0) = —ylr—fc—?lulz-‘rzaJ,-yidz - A1)

where a = x - iy is a complex variable and
d?a=dRe a)d (Im a) = dx dy. (A2)
The integration of (Al) gives the generating function
du

F(,p) = —ly—e?. (A3)

Using this formula we can compute the following integrals, that we are going to
use our work:

}? J’ae—la!ﬂﬂaﬂ‘&dza:;%F(}.,y) — et (A4)
1. . 4 |

4,[ae—la[2+la+llad2a:—,\——F(l,‘u):)‘Cl“ (A5>
i1 au .
:?_HGV e-ld2+iatrad? a=(1 +Apu)ew (A6)
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_;_J'ae—lal’dza=0 (A7)
%jae—lalzd%:o (A8)
1 2n a—1la|2 d2' = n!

_n—.“]al ¢ a= }»"+1. (Ag)

Some other useful relations are:

1 _ ‘ _ 2, A%\ M
_;_"aaze_,,;,,z+vza+pad2a z(;.s+ 7}“’)er (A10)
. 2 Ap
Lj.Eaze“7’f°‘7’+'“""“"5d2a :(g/_:+ﬁrl_)ey. (AlD)
B Y b
Appendix 11
We are going to show that
a H(e,a") U a)|) = H (1, 3) K (@ o) a1
where H (a, a*) is a Hamiltonian of the form
H(a*,a) = A;a-+ B,a* + C,a*a+ D, (A13)

and U (a,a*) is the evolution operator with matrix elements:

A
(a) U(a,a*)|a’) = K(a,a’) =ede+BL+Cau'+D e 2 ¢ 2. (Al4)

In (All) we used K (a, a’) instead of K (at/a’ 0) or K (¢) to indicate that the pro-
pagator is a function of @ and a'.

The operator a* is the Hermitian adjoint of the operator a and operates only
on the bra form (<a|) of the state vector |a). We start from the left hand side of
(A12) and we proceed by using the complex integrations of Appendix I

{a|H(a,a*) U(a,a™)|d') =
=[4,(4d+Ca)+B,@a+C,G(d+Cda)+D,]-
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.edi+Bo +Cad+Deg 2 @ 2 —

:.[ 3 +Bla+Cla +D]eAa+Bu'+Ca«x’+D.

ez 2 P
e 2ze 2 :H(—a-i,E)K(E,a’). (A15)

Note that according to our notation in the differentiation of K (e, a’) we do not
fal2 _ |o'|2

include ¢ 2 ¢ 2 which remains unchanged.

Appendsx 111

Evaluation of the matrix elements of the first order approximation of the
density matrix

(ag a| Ry (2)|apa’) = (ax’ a| Uy (1) Ro Uy (—1)|ag a'). (A16)
We start by computing the following integral:

[ Caga’| Rolag ") Cag a™| Uy (=9)|aga’> d* o ITd* af.  (AL7)

The second matrix element of (A17) is given by (37), if we substitute ¢ by —¢
and ag, a by @), @’’’. The integral (A17) can be written as follows:

(1 —es8)[T(1 — ePhox) exp (T aj o e~Phox 4 @’ o' e—Phe) -
K K

_ o lael? la* o led]® a2y |
e"p( 5 7 T2 2)

K
. exp(z a, a,eioxt 4 @' a’ eier) .

. [IJ{“%DK( l‘)(—""”'—}—a a)—{—ZEK(-t)(a a'_{_axl-&r//)+

o] _ |2

FaEn@ + o e (- gLl 1T

a’ 2 a 2 rre ,rr
—;;{l 3‘ | ')d2 Md?a). (A18)

The integrations can be performed with the aid of (A4) and (AS5).
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In order to find the matrix elements given in (Al7) we multiply
K, (@ axt| ag '’ 0) given by (37) with the result of the integration (A18).

The final result for the first order approximation to the density matrix is:
01 (e, ag, @, ag, t) = (1 — e—8ko) IKI(I — e—6ho) .
- exp (E Tx ale—Bhox 1 G a' e~Pho) [ + Dy (¢) (dx @ +
+ a e~Phoxgioxt ¢’ e—Fho giwe) | g_} Eg (t) (ag o' e—Phogios
+ age~ Poxeioxi @) + A (1) (a + o’ e—Fhoeinr)] .

[+ T De (1) (@ eivntephoxGemiot et — a o) +

_{“‘ EK —t EK e“i‘”“ C_ﬂhw‘ a’ + a' Ee‘i’”‘ e—-ﬁfim +
< K

2 2 712 rf2
+ A(—1) (@ e-iote~Bho 4 o')] exp (~ zlakl L zlaxl _ e )
® 2 2 ® 2 2

(A19)
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1Hellenic Air Force Academy, Rodon 27, Kifissia 14564, Greece
2Technological . Institute of Pireaus, Athens, Greece
UDK 530.145

Originalni znanstveni rad

Razmatrano je medudjelovanje kvantne Cestice s toplinskom kupkom kvantnih
oscilatora uz prisustvo vanjske sile. Odreden je srednji pomak Cestice do pribli-
7enja drugog reda za propagator. Toplinska kupka Brownovskog je tipa s karak-
teristi¢nim frekvencijama bliskim karakteristicnoj frekvenciji Cestice. Nadeno je
da srednji pomak Cestice oscilira u vremenu.
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