Printed ISSN 1330–0016 Online ISSN 1333–9133 CD ISSN 1333–8390 CODEN FIZBE7

BIANCHI TYPE-I STIFF-FLUID TILTED COSMOLOGICAL MODEL WITH BULK VISCOSITY IN GENERAL RELATIVITY

RAJ BALI^a, PRAMILA KUMAWAT and SHALINI SHARMA

Department of Mathematics, University of Rajasthan, Jaipur-302055, India

aE-mail address: balir5@yahoo.co.in

Received 18 February 2010; Revised manuscript received 21 April 2010 Accepted 19 May 2010 Online 3 June 2010

Bianchi type-I stiff-fluid tilted cosmological model with bulk viscosity is investigated. To get the deterministic model of the universe, we have assumed that the universe is filled with a stiff fluid, a condition A = (BC)^n between the metric potentials A, B, C and ζθ =constant, where ζ is the coefficient of bulk viscosity, θ the expansion and n is a constant. The physical and geometrical aspects of the model in the presence and absence of bulk viscosity are discussed.

PACS numbers: 98.80.-k, 04.20.-q UDC 524.83, 52-423

Keywords: Bianchi type-I cosmological model, stiff fluid, tilted, bulk viscosity

1. Introduction

It has been argued for a long time that in the early stage of cosmic expansion, the dissipative process may well account for the high degree of isotropy we observe today. Dissipative effects, including both the bulk and shear viscosities, play a significant role in the early stage of evolution of the universe. To study the effect of bulk viscosity, Eckart [1] developed a relativistic theory of non-equilibrium thermodynamics. Misner [2, 3] discussed the effect of viscosity on the evolution in cosmological models. Heller and Klimek [4] obtained viscous fluid cosmological models without initial singularity. Roy and Prakash [5] investigated Bianchi type-I viscous fluid cosmological model assuming uniform coefficient of viscosity. Bali and Jain [6] obtained some expanding and shearing viscous fluid cosmological models in which coefficient of shear viscosity is proportional to the expansion in the model. Padmanabhan and Chitre [7] pointed out that the presence of bulk viscosity leads to inflationary-like solutions in general relativity. Saha [9] and Saha and Rikhvitsky [9, 10] in a series of papers discussed Bianchi type-I cosmological models for viscous-fluid distribution. Recently, Bali and Singh [11] investigated Bianchi type-I cosmological models in the presence of bulk viscosity with time-dependent cosmological term.

Spatially-homogeneous and anisotropic cosmological models, in which the fluid flow is not normal to the hypersurface of homogeneity, have considerable interest in the studies. These models are called tilted cosmological models. The general dynamics of tilted cosmological models has been discussed by King and Ellis [12], and Ellis and King [13]. Bradley and Sviestine [14] have shown that the heat flow is expected for tilted models. Mukherjee [15] investigated Bianchi type-I cosmological model with heat flux for a perfect-fluid distribution. The tilted universes with heat flux have been investigated by a number of authors, viz. Banerjee and Sanyal [16], Coley [17], Roy and Banerjee [18] and Bali and Sharma [19]. Recently, Bali and Kumawat [20] investigated LRS Bianchi type-V tilted cosmological model with bulk viscosity for stiff fluid distribution. To get the deterministic model of the universe, a supplementary condition A = B^n between the metric potentials A and B is also assumed, where n is a constant.

In this paper, we investigate Bianchi type-I tilted cosmological model with heat flux and bulk viscosity for the stiff fluid distribution. To get the deterministic model, we also assume a supplementary condition A = (BC)^n between the metric potentials A, B and C, where n is a constant and ζθ = constant, where ζ is the coefficient of bulk viscosity, θ the expansion and n is a constant. The physical and geometrical aspects of the model in the presence and absence of bulk viscosity are also discussed.

We consider Bianchi type-I metric as

ds^2 = A^2dx^2 + B^2dy^2 + C^2dz^2 − dt^2, (1)

where A, B and C are functions of t alone.

The energy-momentum tensor (T^j_i ) for heat conduction given by Ellis [21] and for bulk viscosity given by Landau and Lifshitz [22] is given by

T^j_i = (ϵ + p)v_iv^j + pg^j_i + q_iv^j v_iq^j − ζθ(g^j_i + v_iv^j ) , (2)

together with g_{ij} v^iv^j = −1 , (3)

q_iq^i > 0 , (4)

q_iv^i = 0 , (5)

where p is the isotropic pressure, ϵ the matter density and q_i the heat conduction vector orthogonal to v_i. The fluid-flow vector v^i has the components bali et al.: bianchi type-i stiff-fluid tilted cosmological model with . . . ( sinh λ A , 0, 0, cosh λ ) satisfying (3) where λ is the tilt angle. Einstein’s field equations are R^j_i − R 2 g^j_i = −8πT^j_i (6)

(in the geometrized units c = 1, G = 1, and taking Λ = 0).

The line-element (1) leads to

B_{44} B + C_{44} C + B_4C_4 BC = −8π [ (ϵ + p) sinh^2 λ + p +

2q_1 sinh λ A − K cosh^2 λ ] , (7)

A_{44} A + C_{44} C + A_4C_4 AC = −8π(p − K) , (8)

A_{44} A + B_{44} B + A_4B_4 AB = −8π(p − K) , (9)

A_4B_4 AB + B_4C_4 BC + A_4C_4 AC =−8π [ −(ϵ+p) cosh^2 λ+p−

2q_1 sinh λ A +K sinh^2 λ ] , (10)

(ϵ + p)A sinh λ cosh λ + q_1 cosh λ + q_1 sinh^2 λ cosh λ

− KA sinh λ cosh λ = 0 , (11)

where ζθ = K , (12)

and the subscript ‘4’ denotes the differentiation with respect to t.

2. Solution of the field equations

Equations (7) – (11) are five equations in seven unknowns A, B, C, ϵ, p, λ and q_1. For the complete determination of these quantities, we assume that

p = ϵ (stiff − fluid condition) , (13) and A = (BC)^n. (14)

From Eqs. (7), (10), (13) and (14), we have

(BC)_{44} + n[(BC)_4]^2 BC = 8πK(BC) . (15)

Using BC = μ and B C = ν in (15), we have

df^2 dμ + 2n μ f^2 = 16πKμ , (16)

where μ_4 = f(μ), μ_{44} = ff^′ and f^′ = df/dμ .

Equation (16) is a linear differential equation in f^2. Its integrating factor is μ^{2n}. Equation (16) leads to ∫ μ^n dμ √ 8πK/(n + 1) μ^{2n+2} + N = ∫ dt , (17)

where N is a constant of integration. Let μ^{n+1} = ξ. From Eq. (17), we have μ= { (n+1) √ N sinh(at+b) a } = { (n+1) √ N E_1 a } , where E_1 =sinh(at+b) , (18)

b is a constant of integration and a^2 = 8πK(n + 1). We introduced above the abbreviation E_1 for the expression sinh(at + b) because it appears repeatedly in the following equations.

Equations (8) and (9) lead to

ν_4 ν = L μ^{n+1}

, (19)

where L is a constant of integration. From Eqs. (19) and (18), we have

ν = F [ cosec(at + b) + coth(at + b)

]_{−L/(n+1)}^√_N , (20)

where F is a constant of integration. We assume

F = a^{−L/(n+1)} √ N . (21)

Thus the metric (1) leads to

ds^2 = −dt^2 + { E_1 a }_{2n/(n+1)} dX^2

+ { E_1 a }_{1/(n+1)} [ a{cosec(at + b) + coth(at + b)}

]_{−L/(n+1)}^√_N dY^2 bali et al.: bianchi type-i stiff-fluid tilted cosmological model with . . .

+ { E_1 a }_{1/(n+1)} [

a{cosec(at + b) + coth(at + b)}

]_{L/(n+1)}^√_N

dZ^2, (22)

where {√ N (n + 1)

}_{n/(n+1)} x = X , {√ N (n + 1)

}_{1/2(n+1)} y = Y , {√ N (n + 1)

}_{1/2(n+1)} z = Z .

In the absence of viscosity, i.e. when K → 0, the metric (1) leads to

ds^2 = −ℓ^2dτ^2 + (ℓτ)^{2n/(n+1)}dX^2

+(ℓτ)^{1/(n+1)} {( 2 ℓτ )_{−L/(n+1)}^√_N dY^2 + ( 2 ℓτ )_{L/(n+1)}^√_N dZ^2 } , (23)

where we have used the transformation

sinh(at + b) = ℓ sin aτ , (24)

where ℓ is a constant.

3. Geometrical and physical properties

In the following, we use the replacement

E_2 =

L^2 N − 4n − 1 ,

because is appears repeatedly in the following equations.

Using the replacements E_1 and E_2, the pressure p, density ϵ, λ, θ, σ_{ij} , q_1 and q_4 are given by

8πp = 8πϵ = a^2 4(n + 1)^2 { (2n + 3 − 4n^2) −

E_2 E^2_1 } , (25)

cosh λ = { n(2n − 1)E^2_1 + E_2 E_2 − (2n − 1)E^2_1

}_{1/2} , (26) bali et al.: bianchi type-i stiff-fluid tilted cosmological model with . . .

θ = a coth(at + b) { E^2_2 − (2n − 1)^2nE^4_1 + 2n(2n − 1)E_2E^2_1 } {E_2 − (2n − 1)E^2_1 }^{3/2} {n(2n − 1)E^2_1 + E_2}^{1/2}

, (27)

σ_{11} =

N_1 3(n + 1) {E_2 − (2n − 1)E^2_1 }^{5/2}

, (28)

where the numerator in Eq. (28) is given by

N_1 = (2n − 1)a coth(at + b) {√ N (n + 1)E_1/a

}_{2n/(n+1)} { n(2n − 1)E^2_1 + E_2

}_{1/2}

× { (4n^2 + n + 3)E_2E^2_1 + E^2_2 − n(2n − 1)^2E^4_1 } ,

σ_{22} =

N_2 3 { E_2 − (2n − 1)E^2_1

}_{3/2}{ n(2n − 1)E^2_1 + E_2

}_{1/2} , (29)

where the numerator in Eq. (29) is given by

N_2 = {√ N(n+1)E_1/a

}_{1/(n+1)}

a coth(at+b) { acosech(at+b)+a coth(at + b)

}_{−L/(n+1)}^√_N

× [ E^2_2 { 1 − 2n 2(n + 1) + 3 2 L 2(n + 1) √ N 1 √ E^2_1 + 1 }

+(2n − 1)E_2E^2_1 { − 4n^2 + n + 3

2(n + 1) + 3(n − 1) 2(n + 1) √ N L √ E^2_1 + 1 }

+n(2n − 1)^2E^4_1 { 2n − 1 2(n + 1) − 3 2 L (n + 1) √ N 1 √ E^2_1 + 1 } ] ,

σ_{33} =

N_3 3 { E_2 − (2n − 1)E^2_1

}_{3/2}{ n(2n − 1)E^2_1 + E_2

}_{1/2} , (30)

where the numerator in Eq. (30) is given by

N_3 = {√ N(n+1)E_1/a

}_{1/(n+1)}

a coth(at+b) { acosech(at+b)+a coth(at + b)

}_{L/(n+1)}^√_N bali et al.: bianchi type-i stiff-fluid tilted cosmological model with . . .

× [ E^2_2 { 1 − 2n 2(n + 1) − 3L 2(n + 1) √ N 1 √ E^2_1 + 1 }

+(2n − 1)E_2E^2_1 { − 4n^2 + n + 3

2(n + 1) − 3(n − 1) 2(n + 1) √ N L √ E^2_1 + 1 }

+n(2n − 1)^2E^4_1 { 2n − 1 2(n + 1) + 3L 2(n + 1) √ N 1 √ E^1_1 + 1 } ] ,

σ_{44} =

(2n − 1)^2E^2_1 a coth(at + b) [ E^2_2 + (4n^2 + n + 3)E_2E^2_1 − n(2n − 1)^2E^4_1 3 { E_2 − (2n − 1)E^2_1

}_{5/2}{

n(2n − 1)E^2_1 + E_2

}_{1/2} , (31)

σ_{14} =

N_4

3(n + 1) { E_2 − (2n − 1)E^2_1

}_{5/2} , (32)

where the numerator in Eq. (32) is given by

N_4 = (2n − 1)a coth(at + b) {√ N (n + 1)E_1/a

}_{n/(n+1)}

× { (2n − 1)(n + 1)E^2_1

}_{1/2}{

− (4n^2 + n + 3)E_2E^2_1 − E^2_2 + n(2n − 1)E^4_1 } ,

v^1 = { (2n − 1)(n + 1)E^2_1

}_{1/2} { E_2 − (2n − 1)E^2_1

}_{1/2}{

(n + 1) √ N E_1/a

}_{n/(n+1)} , (33)

v^4 = { n(2n − 1)E^2_1 + E_2

}_{1/2} { E_2 − (2n − 1)E^2_1

}_{1/2} .

The shear tensor (σ_{ij} ) satisfies the trace-free condition

σ_{ij} v^j = 0 , which leads to σ_{11}v^1 + σ_{14}v^4 = 0 . (34)

The components of rotation tensor (ω_{ij} ) are given by

ω_{11} = ω_{22} = ω_{33} = ω_{44} = ω_{14} = 0 . (35)

The components of heat-conduction vector (q_i) are given by

q_1 = [ ( √ N)^na^{(n+2)}

]_{1/(n+1)}√ 2n − 1 E_1 { n(2n − 1)E^2_1 + E_2 } 16π [ (n + 1)^{(n+3)/2}E^{(n+2)}_1

]_{1/(n+1)}{ E_2 − (2n − 1)E^2_1

}_{1/2} , (36)

q_4 =

−a^2(2n − 1)^2 { n(2n − 1)E^2_1 + E_2

}_{1/2}

16π(n + 1) { E_2 − (2n − 1)E^2_1

}_{1/2} . (37)

The deceleration parameter (ā) is given by

ā = −

R_{44}/R R^2_4/R^2 = 2 coth^2(at + b) − 3 coth^2(at + b)

. (38)

The heat conduction vector (q_i) satisfies the condition

q_iv^i = 0 ,

i.e.

q_1v^1 + q_4v^4 = 0 . (39)

The rotation tensor (ω_{ij} ) satisfies the condition ω_{ij} v^j = 0. This leads to

ω_{11}v^1 + ω_{44}v^4 = 0 . (40)

In the absence of viscosity, the above mentioned quantities lead to

8πp = 8πϵ = 1 4(n + 1)^2

(4n + 1 − L^2/N)

ℓ^2τ^2

, (41)

cosh λ = 1 , (42) θ = 1 ℓτ , (43) σ_{11} =

2n − 1 3(n + 1) {√ N(n + 1)

}_{2n/(n+1)} (ℓτ)^{(n−1)/(n+1)}, (44)

σ_{22} = ( √ N)^{1/(n+1)} { 1 − 2n + 3L/ √ N } 3(n + 1)^{n/(n+1)}2^{{L+√N(n+1)}/√N(n+1)}(ℓτ)^{(n√N−L)/√N(n+1)}

, (45)

σ_{33} = ( √ N)^{1/(n+1)}2^{{L−√N(n+1)}/√N(n+1)} { 1 − 2n − 3L/ √ N } 3(n + 1)^{n/(n+1)}(ℓτ)^{(n√N+L)/√N(n+1)}

, (46)

σ_{44} = 0 , (47) σ_{14} = 0 , (48) v^1 = 0 , (49) v^4 = 1 , (50) q_1 = 0 , (51) q_4 = 0 , (52) ω_{11} = ω_{22} = ω_{33} = ω_{14} = 0 . (53)

4. Discussion

The model (22) starts with a big-bang at t = −b/a and the expansion in the model decreases as time increases. The shear tensor (σ_{ij} ) and the rotation tensor (ω_{ij} ) satisfy the trace-free conditions σ_{ij} v^j = 0 , i.e. σ_{11}v^1 + σ_{14}v^4 = 0 , and ω_{ij} v^j = 0 , i.e. ω_{11}v^1 + ω_{14}v^4 = 0.

The heat conduction vector (q_i) satisfies the condition q_iv^i = 0 , i.e. q_1v^1 + q_4v^4 = 0.

The reality conditions (i) (ϵ + p) > 0 and (ii) (ϵ + 3p) > 0 given by Ellis [23] lead to ( 4n + 1 −

L^2 N ) > sinh^2(at + b)(4n^2 − 2n + 3) ,

sinh^2(at + b) <

4n + 1 − L^2/N 4n^2 − 2n − 3 . In the presence of bulk viscosity, the model represents accelerating universe if sech^2(at + b) <^1_3 and it represents decelerating universe if sech^2(at + b) >^1_3 .

In the absence of bulk viscosity, the model starts with a big-bang at τ = 0 and the expansion in the model decreases as time increases. The shear tensor (σ_{ij} ) and the rotation tensor (ω_{ij} ) satisfy the trace-free conditions

σ_{ij} v^j = 0 and ω_{ij} v^j = 0 ,

i.e. σ_{11}v^1 + σ_{14}v^4 = 0 and ω_{11}v^1 + ω_{14}v^4 = 0.

The tilt angle λ = 0. Thus in the absence of bulk viscosity, no tilt model is possible for stiff-fluid distribution. The reality conditions ϵ + p > 0 and ϵ + 3p > 0 lead to 4n + 1 > L^2/N. The model (23) has a cigar-type singularity at τ = 0 (MacCallum [24]). In the absence of bulk viscosity, it represents a decelerating universe.

5. Conclusion

In the models (22) and (23), in the presence and absence of bulk viscosity, shear tensor and rotation tensor satisfy the trace-free conditions i.e. σ_{ij} v^j = 0 and ω_{ij} v^j = 0. The heat conduction vector q_i satisfies orthogonality condition q_iv_i = 0. The model (22) represents accelerating and decelerating universe under certain conditions while the model in the absence of bulk viscosity represents a decelerating universe. The model (22) has point-type singularity at t = −b/a, while the model (23) has cigar-type singularity at τ = 0. In the absence of bulk viscosity, no tilt model is possible for the stiff-fluid distribution.

References

[1] C. Eckart, Phys. Rev. 58 (1940) 919. [2] C. W. Misner, Nature 214 (1967) 40. [3] C. W. Misner, Astrophys. J. 151 (1968) 431.

[4] M. Heller and Z. Klimek, Astrophys. Space Sci. 33 (1975) L37. [5] S. R. Roy and S. Prakash, Ind. J. Pure and Applied Math. 8 (1977) 723. [6] R. Bali and D. R. Jain, Astrophys. Space Sci. 139 (1987) 175. [7] T. Padmanabhan and S. M. Chitre, Phys. Lett. A 120 (1987) 433.

[8] B. Saha, Mod. Phys. Lett. A 20 (2005) 2127. [9] B. Saha and V. S. Rikhvitsky, Physica D 291 (2006) 168. [10] B. Saha and V. S. Rikhvitsky, J. Phys. A: Math. Theor. 40 (2007) 14011. [11] R. Bali and J. P. Singh, Int. J. Theor. Phys. 47 (2008) 3288. [12] A. R. King and G. F. R. Ellis, Comm. Math. Phys. 31 (1973) 209. [13] G. F. R. Ellis and A. R. King, Comm. Math. Phys. 38 (1974) 119. [14] J. M. Bradley and E. Sviestins, Gen. Relativ. Grav. 16 (1984) 1119. [15] G. Mukherjee, J. Astrophys. Astronomy 4 (1983) 295. [16] A. Banerjee and A. K. Sanyal, Gen. Relativ. Grav. 20 (1988) 103. [17] A. A. Coley, Gen. Relativ. Grav. 22 (1990) 3.

[18] S. R. Roy and S. K. Banerjee, Gen. Relativ. Grav. 28 (1996) 27. [19] R. Bali and K. Sharma, Astrophys. Space-Sci. 293 (2004) 367. [20] R. Bali and P. Kumawat, Phys. Lett. B 665 (2008) 332.

[21] G. F. R. Ellis, General Relativity and Cosmology, ed. R. K. Sachs, Academic Press, New York (1971) p. 116.

[22] L. D. Landau and E. M. Lifshitz, Fluid Mechanics, Pergamon Press, Oxford (1963) p.

505.

[23] G. F. R. Ellis, General Relativity and Cosmology, ed. R. K. Sachs, Academic Press, New York (1971) p. 117.

[24] M. A. H. MacCallum, Comm. Math. Phys. 20 (1971) 57.

BIANCIJEV KOZMOLOŠKI MODEL TIPA I S UKOČENOM TEKUĆINOM, NAHERENOŠĆU I VOLUMNOM VISKOZNOŠĆU U OPĆOJ RELATIVNOSTI

Istražujemo Bianchijev kozmološki model tipa I s ukočenom tekućinom, naherenošću i volumnom viskoznošću. Radi postizanja odred–enosti, pretpostavlja se da je svemir ispunjen ukočenom tekućinom, tj. da vrijedi A = (BC)^n za metričke potencijale A, B, C te ζθ = konst., gdje je ζ koeficijent volumne viskoznosti, θ širenje a n je stalnica. Raspravljaju se fizička i geometrijska svojstva modela s i bez viskoznosti.