Printed ISSN 1330–0016 Online ISSN 1333–9133 CD ISSN 1333–8390 CODEN FIZBE7

LRS BIANCHI TYPE II STRING COSMOLOGICAL MODELS FOR PERFECT FLUID DISTRIBUTION IN GENERAL RELATIVITY

ANIRUDH PRADHAN^a, HASSAN AMIRHASHCHI^b and MAHESH KUMAR YADAV^c

aDepartment of Mathematics, Hindu Post-graduate College, Zamania-232 331, Ghazipur, India; E-mail addresses: pradhan@iucaa.ernet.in, acpradhan@yahoo.com bDepartment of Physics, Mahshahr Islamic Azad University, Mahshahr, Iran E-mail address: hashchi@yahoo.com cDepartment of Mathematics, Sobhasaria Engineering College, N H-11, Sikar-332 001, India; E-mail address: yadav1976mk@gmail.com

Received 6 March 2008; Revised manuscript received 9 March 2009 Accepted 6 May 2009 Online 21 May 2009

The present study deals with locally rotationally symmetric (LRS) Bianchi type II string cosmological models with perfect fluid distribution of matter. We consider two cases: (i) ρ+λ = 0 and (ii) ρ−λ = 0, where ρ and λ are the rest energy density and the tension density of the string cloud, respectively. The physical properties of the models is discussed.

PACS numbers: 98.80.Cq, 04.20.-q UDC 524.83

Keywords: cosmic string, LRS Bianchi type II models, Nambu string

1. Introduction

In recent years, there has been a considerable interest in string cosmology. Cosmic strings are considered as topologically stable objects which presumably existed during a phase transition in the early universe (Kibble [1]). They play an important role in the study of the early universe. They arose during the phase transition after the big bang explosion as the temperature decreased below some critical temperature as predicted by the grand unified theories (Zel’dovich et al. [2]; Kibble [1, 3]; Everett [4]; Vilenkin [5]). It is believed that cosmic strings give rise to density perturbations which lead to the formation of galaxies (Zel’dovich [6]). The cosmic strings have stress-energy and couple to the gravitational field. Therefore it is interesting to study the gravitational effects that arise from strings. The pioneering work in the formulation of the energy-momentum tensor for classical massive strings was done by Letelier [7] who considered the massive string to be formed by geometric strings with particle attached along its extension. Letelier [8] first used this idea in obtaining cosmological solutions in Bianchi I and Kantowski-Sachs space-times. Stachel [9] also studied massive string.

Bali et al. [10 – 16] obtained Bianchi types I, III and IX string cosmological models in general relativity. Yadav et al. [17] studied some Bianchi type I viscous fluid string cosmological models with magnetic field. Recently, Wang [18 – 21] also discussed LRS Bianchi type I and Bianchi type III cosmological models for a cloud string with bulk viscosity. Recently Yadav, Pradhan and Rai [22] obtained the integrability of cosmic string in Bianchi type III space-time in the presence of bulk viscous fluid by applying a new technique.

The present day Universe is satisfactorily described by homogeneous and isotropic models given by the FRW space-time. The Universe on a smaller scale is neither homogeneous nor isotropic nor do we expect the Universe in its early stages to have had these properties. Homogeneous and anisotropic cosmological models have been widely studied in the framework of general relativity in the search of a realistic picture of the Universe in its early stages. Although these are more restricted than the inhomogeneous models which explain a number of observed phenomena quite satisfactorily. Bianchi type-II space-time has a fundamental role in constructing cosmological models suitable for describing the early stages of evolution of Universe. Asseo and Sol [23] emphasized the importance of Bianchi type-II universe. A spatially homogeneous Bianchi model necessarily has a three-dimensional group, which acts simply transitively on space-like three-dimensional orbits. Here we confine ourselves to a locally rotationally-symmetric (LRS) model of Bianchi type-II. This model is characterized by three metric functions R_1(t), R_2(t) and R_3(t) such that R_1 = R_2 /= R_3. The metric functions are functions of time only. (For non-LRS Bianchi metrics we have R_1 /= R_2 /= R_3). For LRS Bianchi type -II metric, Einstein’s field equations reduce, in the case of perfect fluid distribution of matter, to three nonlinear differential equations.

Roy and Banerjee [24] dealt with LRS cosmological models of Bianchi type-II representing clouds of geometrical as well as massive strings. Recently, Wang [25] studied the Letelier model in the context of LRS Bianchi type-II space-time. In this Letter, we investigate LRS Bianchi type-II string cosmological models for perfect fluid distribution under two conditions: (i) ρ + λ = 0 and (ii) ρ = λ.

2. Metric and field equations

We consider the LRS Bianchi type II metric in the form

ds^2 = −dt^2 + (Bdx + Bzdy)^2 + A^2dy^2 + A^2dz^2, (1)

where A and B are functions of t only. The energy-momentum tensor for a cloud of strings with perfect fluid distribution is taken as

T^j_i = (ρ + p)v_iv^j + pg^j_i − λx_ix^j , (2) where v_i and x_i satisfy condition

v^iv_i = −x^ix_i = −1, v^ix_i = 0 , (3)

p is the isotropic pressure, ρ is the proper energy density for cloud strings with particles attached to them, λ is the string tension density, v^i the four-velocity of the particles and x^i is a unit space-like vector representing the direction of the string. In a co-moving coordinate system, we have

v^i = (0, 0, 0, 1), x^i = ( 1 B , 0, 0, 0 ) . (4)

If the particle density of the configuration is denoted by ρ_p, then we have

ρ = ρ_p + λ . (5)

The Einstein’s field equations

R^j_i − 1 2 Rg^j_i = −T^j_i , (6)

for the line-element (1) lead to 2Ä A + Ȧ2 A^2 − 3 4 B^2 A^4

= p − λ , (7) Ä A + B̈ B + ȦḂ AB + 1 4 B^2 A^4

= p , (8)

2ȦḂ AB + Ȧ2 A^2 − 1 4 B^2 A^4

= −ρ , (9)

where an overdot stands for the first and double overdot for the second derivative with respect to t. The particle density ρ_p is given by

ρ_p = Ä A − B̈ B − 3ȦḂ AB − 1 4 B^2 A^4

. (10)

3. Solutions of the field equations

The field equations (7) – (9) are a system of three equations with five unknown parameters A, B, p, ρ and λ. Two additional constraints relating these parameters are required to obtain explicit solutions of the system. We assume that the expansion (θ) in the model is proportional to the shear (σ). This condition leads to

A = B^m, (11) where m is the proportionality constant. Eqs. (7) – (9) lead to Ä A − B̈ B + Ȧ A ( Ḃ B + 2Ȧ A ) − 5 4 B^2 A^4

= −(λ + ρ) . (12)

From Eqs. (11) and (12), we obtain

(m − 1) B̈ B + 3m^2 Ḃ2 B^2 = 5 4 B^{(2−4m)} − (λ + ρ) . (13)

In order to overcome the under-determinacy we have here because of the five unknowns involved in three independent field equations, we consider the following two cases:

(I) ρ + λ = 0, i.e. the sum of rest energy density and tension density for cloud of strings vanish (Reddy [26, 27], Mohanty et al. [28]) and

(II) ρ_p = 0. This corresponds to the state equation for a cloud of massless geometric (Nambu) strings given by ρ = λ.

3.1. Case I:

In this case λ + ρ = 0 . (14) From (13) and (14), we obtain

2B̈ + ( 6m^2 m − 1 )˙ B^2 B = 5 2(m − 1)

B^{(3−4m)}. (15)

Let Ḃ = f(B) which implies that B̈ = ff^′, where f^′ = df/dB. Then

d(f^2) dB + 6m^2 (m − 1) f^2 B = 5 2(m − 1)

B^{(3−4m)}. (16)

Eq. (16), after integration, reduces to dB dt = √ 5B^{4(1−m)} 4(m^2 + 4m − 2)

+ c_1B^{6m2/(1−m)}, (17)

where c_1 is an integrating constant. Hence the metric (1) reduces to

ds^2 = − dB^2 5B^{4(1−m)} 4(m^2 + 4m − 2)

+ c_1B^{6m2/(1−m)}

+ B^2dx^2

+ [B^2z^2 + B^{2m}]dy^2 + 2B^2z dx dy + B^{2m}dz^2. (18)

After making suitable transformation of coordinates, i.e. B = τ, metric (18) reduces to ds^2 = − dτ^2 5τ^{4(1−m)} 4(m^2 + 4m − 2)

+ c_1τ^{6m2/(1−m)}

+ τ^2dx^2

+ [τ^2z^2 + τ^{2m}]dy^2 + 2τ^2z dx dy + τ^{2m}dz^2. (19)

The pressure (p), the energy density (ρ), the string tension (λ), the particle density (ρ_p), the scalar of expansion (θ), the shear (σ) and the proper volume (V^3) for the model (19) are given by p = (4m^2 + m − 3) (m^2 + 4m − 2) τ^{2(1−2m)} + c_1τ^{6m2/(1−m)} [ 1 τ^2 + m^2(1 + m) (1 − m) ] , (20)

ρ = −λ =

(3m^2 − 3m − 1) 2(m^2 + 4m − 2) τ^{2(1−2m)} + c_1τ^{2(3m2+m−1)/(1−m)}, (21)

ρ_p =

(3m^2 − 3m − 1) (m^2 + 4m − 2) τ^{2(1−2m)} + 2c_1τ^{2(3m2+m−1)/(1−m)}, (22)

θ = (2m + 1) τ [ 5 4(m^2 + 4m − 2) τ^{4(1−m)} + c_1τ^{m2/(1−m)}

] 1_2 , (23)

σ^2 =

(m − 1)^2

3τ^2 [ 5 4(m^2 + 4m − 2) τ^{4(1−m)} + c_1τ^{m2/(1−m)} ] , (24)

V^3 = τ^{(2m+1)}. (25)

From Eqs. (23) and (24), we obtain

σ^2 θ^2 = (m − 1)^2 3(2m + 1)^2

= constant. (26)

If we choose a suitable value of constant m, i.e. for m ≥^4_3 , we find that the energy conditions ρ ≥ 0, ρ_p ≥ 0 are satisfied. The model (19) starts with a big bang at τ = 0. The expansion in the model decreases as time increases. The expansion in the model stops at τ = ∞. When τ → 0 then ρ → ∞, λ → ∞. When τ → ∞ then ρ → 0, λ → 0. Also p → ∞ when τ → 0 and p → 0 when τ → ∞. Since σ/θ = constant, the model does not approach isotropy in general.

According to Refs. [1, 29], when ρ_p/ | λ |> 1, in the process of evolution, the universe is dominated by massive strings, and when ρ_p/ | λ |< 1, the universe is dominated by the strings. In this case, from Eqs. (21) and (22), we obtain ρ_p | λ |

= 2 > 1. (27)

Thus, in our model, the universe is dominated by massive strings throughout the whole process of evolution.

3.2. Case II:

In this case λ − ρ = 0. (28)

Eqs. (7) – (9) lead to Ä A − B̈ B − ȦḂ AB − 3 4 B^2 A^4

= ρ − λ. (29)

From Eqs. (28) and (29), we obtain Ä A − B̈ B − ȦḂ AB − 3 4 B^2 A^4

= 0. (30)

Using (11) in (30) leads to

2B̈ + ( 2m(m − 2) m − 1 )˙ B^2 B = 3 2(m − 1)

B^{(3−4m)}. (31)

Let Ḃ = f(B) which implies that B̈ = ff^′, where f^′ = df/dB. Hence (31) reduces to d dB (f^2) +

2m(m − 2) (m − 1) f^2 B = 3 2(m − 1)

B^{(3−4m)}. (32)

Eq. (32), after integration, reduces to dB dt = √ − 3 4(m^2 + 2)

B^{4(1−m)} + c_2B^{2m(m−4)/(1−m)}. (33)

where c_2 is an integrating constant.

After using suitable transformation of coordinates i.e (B = τ), metric (1) reduces to ds^2 = − [ dτ^2 −^3_{4(m2+2)} τ^{4(1−m)} + c_2τ^{2m(m−4)/(1−m)} ] + τ^2dx^2

+ [τ^2z^2 + τ^{2m}]dy^2 + 2τ^2z dx dy + τ^{2m}dz^2. (34)

The pressure (p), the energy density (ρ), the string tension (λ), the particle density (ρ_p, the scalar of expansion (θ), the shear σ) and the proper volume (V^3) for the model (34) are given by

p = (m^2 − 1) (m^2 + 2) τ^{2(1−2m)} − c_2mτ^{2(m2−3m−1)/(1−m)}, (35)

ρ = λ =

(2m^2 + 3m + 1) 2(m^2 + 2) τ^{2(1−2m)} − m(m + 2)c_2τ^{2(m2−3m−1)/(1−m)}, (36)

ρ_p = ρ − λ = 0, (37)

θ = (2m + 1) τ [ − 3 4(m^2 + 2) τ^{4(1−m)} + c_2τ^{2m(m−4)/(1−m)}

] 1_2 , (38)

σ^2 =

(m − 1)^2 3τ^2 [ − 3 4(m^2 + 2) τ^{4(1−m)} + c_2τ^{2m(m−4)/(1−m)} ] . (39)

From Eqs. (38) and (39), we obtain

σ^2 θ^2 = (m − 1)^2 3(2m + 1)^2

= constant. (40)

If we choose suitable values of constants m and c_2, i.e. for m > 3, c_2 < 0, we find that the energy conditions ρ ≥ 0, ρ_p ≥ 0 are satisfied. Otherwise, the physical behaviour of the model (34) is similar to that of the model (19).

From Eqs. (35) and (36), we obtain

ρ_p | λ |

= 0. (41)

Hence, in this case the strings dominate over the particles.

Acknowledgements

Authors (A. P. and M. K. Y.) would like to thank the Inter-University Centre for Astronomy and Astrophysics (IUCAA), Pune, India for providing facility and support where part of this work was carried out. The authors also thank the anonymous referee for his fruitful comments.

References

[1] T. W. B. Kibble, J. Phys. A: Math. Gen. 9 (1976) 1387.

[2] Ya. B. Zel’dovich, I. Yu. Kobzarev and L. B. Okun, Zh. Eksp. Teor. Fiz. 67 (1975) 3;

Sov. Phys.-JETP 40 (1975) 1.

[3] T. W. B. Kibble, Phys. Rep. 67 (1980) 183. [4] A. E. Everett, Phys. Rev. 24 (1981) 858. [5] A. Vilenkin, Phys. Rev. D 24 (1981) 2082.

[6] Ya. B. Zel’dovich, Mon. Not. R. Astron. Soc. 192 (1980) 663. [7] P. S. Letelier, Phys. Rev. D 20 (1979) 1294. [8] P. S. Letelier, Phys. Rev. D 28 (1983) 2414. [9] J. Stachel, Phys. Rev. D 21 (1980) 2171. [10] R. Bali and S. Dave, Pramana-J. Phys. 56 (2001) 513. [11] R. Bali and R. D. Upadhaya, Astrophys. Space Sci. 283 (2003) 97. [12] R. Bali and S. Dave, Astrophys. Space Sci. 288 (2003) 503. [13] R. Bali and D. K. Singh, Astrophys. Space Sci. 300 (2005) 387. [14] R. Bali and Anjali, Astrophys. Space Sci. 302 (2006) 201. [15] R. Bali, U. K. Pareek and A. Pradhan, Chin. Phys. Lett. 24 (2007) 2455. [16] R. Bali and A. Pradhan, Chin. Phys. Lett. 24 (2007) 585.

[17] M. K. Yadav, A. Pradhan and S. K. Singh, Astrophys. Space Sci. 311 (2007) 423. [18] X. X. Wang, Astrophys. Space Sci. 293 (2004) 933. [19] X. X. Wang, Chin. Phys. Lett. 21 (2004) 1205. [20] X. X. Wang, Chin. Phys. Lett. 22 (2005) 29. [21] X. X. Wang, Chin. Phys. Lett. 23 (2006) 1702.

[22] M. K. Yadav, A. Pradhan and A. Rai, Int. J. Theor. Phys. 46 (2007) 2677. [23] E. Asseo and H. Sol, Phys. Rep. 148 (1987) 307.

[24] S. R. Roy and S. K. Banerjee, Class. Quant. Grav. 11 (1995) 1943. [25] X. X. Wang, Chin. Phys. Lett. (2003) 20, 615. [26] D. R. K. Reddy, Astrophys. Space Sci. 286 (2003) 365. [27] D. R. K. Reddy, Astrophys. Space Sci. 305 (2006) 139.

[28] G. Mohanty, R. R. Sahoo and K. L. Mahanta, Astrophys. Space Sci. 312 (2007) 321. [29] K. D. Krori, T. Chaudhuri, C. R. Mahanta and A. Mazumdar, Gen. Rel. Grav. 22 (1990) 123.

OPĆE-RELATIVISTIČKI BIANCHIJEVI LRS KOZMOLOŠKI MODELI TIPA II SA STRUNAMA I PERFEKTNOM RASPODJELOM TEKUĆINE

Proučavamo lokalno-rotacijski simetrične (LRS) Bianchijeve kozmološke modele tipa II sa strunama za perfektnu tekućinsku raspodjelu mase. Razmatramo dva slučaja: ρ + λ = 0 i (ii) ρ − λ = 0, gdje su ρ i λ gustoća energije mirovanja odn. gustoća napetosti oblaka struna. Opisujemo takod–er fizikalna svojstva tih modela.