Printed ISSN 1330–0016 Online ISSN 1333–9133 CD ISSN 1333–8390 CODEN FIZBE7

DISPERSION RELATIONS AND QCD FACTORIZATION IN HARD REACTION

I. V. ANIKIN

Bogoliubov Laboratory of Theoretical Physics, JINR, 141980 Dubna, Russia Email-address: anikin@theor.jinr.ru

Received 23 October 2007; Accepted 20 February 2008 Online 18 June 2008

We study analytical properties of the hard exclusive process amplitudes. We found that QCD factorization for deeply virtual Compton scattering and hard exclusive vector meson production results in the subtracted dispersion relation with the subtraction constant determined by the Polyakov-Weiss D-term.

PACS numbers: 11.10.Hi UDC 539.126

Keywords: hard reactions, QCD factorization, dispersion relations

1. Introduction

Hard exclusive reactions described by the generalized parton distributions (GPDs) are the subject of extensive theoretical and experimental studies [1] – [6]. The analytical properties of deeply virtual Compton scattering (DVCS) and hard exclusive vector meson production (VMP) amplitudes constitute the important aspect of these studies [7] – [10]. The crucial point in application of the relevant dispersion relations is a possible ambiguity due to the subtraction constants. In this talk we address the problem of dispersion relations and subtractions in the framework of the leading order QCD factorization [11].

1.1. Some reminders (in a nutshell)

For an complex function f(z) which is analytic in the region D, the Cauchy formula reads

f(z) = 1 2πi ∫ C dω f(ω) ω − z , where the contour C restricts some domain D. Choosing the contour which includes the infinite semi-circle and the line ω = x^′ + iϵ, and assuming a “good” behaviour at infinity, i.e. |f(ω)| < |ω|^{−1} at |ω| → ∞, one gets (ϵ > ϵ^′)

lim_{ϵ→0} f(x + iϵ) = lim_{{ϵ,ϵ′}→0} 1 2πi ∞∫ −∞ dx^′ f(x^′ + iϵ^′) x^′ − x − i(ϵ − ϵ^′) .

Let us now put the case that |f(ω)| ∼ const at |ω| → ∞. In this case, the Cauchy formula gives us

f(x + iϵ) = 1 2πi ∞∫ −∞ dx^′ f(x^′ + iϵ^′) x^′ − x − i(ϵ − ϵ^′)

+ Γ_∞ ,

where Γ_∞ denotes the contribution from the integration over the infinite semi-circle. If |f(∞)| ∼ const, Γ_∞ is finite. However, the integral over the real axis is infinite.

Let us now change the Jordan’s lemma to be applicable. We implement the standard trick: f(ω) → F(ω) = f(ω)/ω. Hence, the Cauchy formula reads

Re F(x) = v.p. π ∞∫ −∞ dx^′

Im F(x^′ + iϵ^′) x^′ − x .

Expressing in the terms of the function f(x), one obtains dispersion relations with one subtraction

Ref(x) = x π v.p. ∞∫ −∞ dx^′

Imf(x^′ + iϵ^′) x^′(x^′ − x)

+ Ref(0) . (1)

We now focus on the case when the function has a branch point on the real axis. Then, from the Cauchy theorem, one has

Ref(ν) = v.p. π ∞∫ ν_{th}

dν^′ Imf(ν^′ + iϵ^′) [ 1 ν^′ − ν + 1 ν^′ + ν ] + Γ_∞ ,

with Imf(ν ±iϵ) = Imf(−ν ∓iϵ) = −Imf(−ν ±iϵ). Assume that |f(∞)| ∼ |ω|^a with 1 < a < 2 and we are interested in the dispersion relations for the symmetric part of f(ω): f^{(+)}(ω) ≡ f(ω) + f(−ω). In this case, owing to the symmetry properties, one gets again the dispersion relations with one subtraction

Ref^{(+)}(x) = x^2 π v.p. ∞∫ −∞ dx^′

Imf^{(+)}(x^′ + iϵ^′) x^{′ 2}(x^′ − x)

+ Ref^{(+)}(0) ,

where one used [Ref^{(+)}(0)]^′x = 0.

2. Dispersion relations in skewness-plane [7]

We restrict our study to the case {s, Q^2} → ∞, t ≪ {s, Q^2}, where QCD factorization is applicable. At the leading order, DVCS and VMP amplitudes can be expressed via

A_f (ξ, t) = lim_{ϵ→0} A_f (ξ − iϵ, t) = lim_{ϵ→0} 1∫ −1 dx H^{(+)}_f (x, ξ, t)

x − ξ + iϵ

. (2)

Here, H^{(+)}(x, ξ, t) denotes the singlet (C = +1) combination of GPDs, summing the contributions of quarks and anti-quarks and of s- and u-channels.

2.1. Analyticity of amplitudes

To prove the analyticity of the amplitude for |ξ| > 1, one represents the denominator as the geometric series [7]

A(ξ) = − ∞∑ n=0 ξ^{−n−1} 1∫ −1 dx H^{(+)}(x, ξ)x^n. (3)

This series is convergent thanks to the polynomiality condition which reflects the Lorentz invariance [4]. One can write down the fixed-t dispersion relations for the LO amplitude

Re A(ξ) = v.p. π 1∫ −1 dx ImA(x + iϵ) x − ξ

+ Δ(ξ) , (4)

where the limit ϵ → 0 is implied. In other words, we write

v.p. 1∫ −1 dx H^{(+)}(x, ξ) x − ξ

= v.p. 1∫ −1 dx H^{(+)}(x, x) x − ξ

+ Δ(ξ) . (5)

Here, Δ(ξ) is a possible subtraction. This expression represents the holographic property of GPD: the relevant information about hard exclusive amplitudes in the considered leading approximation is contained in the one-dimensional sections x = ±ξ of the two-dimensional space of x and ξ. These holographic as well as tomographic properties in momentum space are complementary to the often discussed holography and tomography in coordinate space.

We prove now that Δ(ξ) is finite and independent on ξ. To this end, one considers the following representation [7]

Δ(ξ) = v.p. 1∫ −1 dx H^{(+)}(x, ξ) − H^{(+)}(x, x) x − ξ

= −v.p. 1∫ −1 dx ∞∑ n=1 1 n! ∂^n ∂ξ^n

H^{(+)}(x, ξ) | | |_{ξ=x}(ξ − x)^{n−1}.

Due to the polynomiality condition, the only surviving highest-power term in this series is equal to a finite subtraction constant Δ(ξ) ≡ Δ. This can also be derived with a use of the double distributions (DDs) formalism [7, 11]. It should be emphasized that both integrals in (5) are divergent at ξ = t = 0, and these divergencies do not cancel for ξ → 0. Thus, Δ can not be defined for ξ = t = 0. But, the point ξ = 0 (or Q^2 = 0) cannot be accessed in DVCS and VMP experiments. Note that for an arbitrarily small ξ, the integrals are finite and, therefore, Δ is well-defined.

Taking into account the parameterization for the D-term as [4]

D(β) = (1 − β^2) ∞∑ n=0 d_nC^{(3/2)}_{2n+1}(β) , (6)

and keeping only the lowest term, one gets Δ = −4d_0. This lowest term d_0 was estimated within the framework of different models. We focus on the results of the chiral quark-soliton model [12]: d^{CQM}_0 (N_f ) = d^u_0 = d^d_0 = −4.0/N_f , where N_f is the number of active flavours, and lattice simulations [13]: d^{latt}_0 = d^u_0 ≈ d^d_0 = −0.5. The subtraction constant varies as Δ^p_{CQM}(2) = Δ^n_{CQM}(2) ≈ 4.4, Δ^p_{latt} ≈ Δ^n_{latt} ≈ 1.1 for the DVCS on both the proton and neutron targets.

3. Dispersion relations in ν-plane [11]

Let us now compare the dispersion relation with the dispersion relation written in the ν-plane, where ν = (s − u)/4m_N . In terms of new variables ν^′, ν related to x, ξ as x^{−1} = 4m_N ν^′/Q^2, ξ^{−1} = 4m_N ν/Q^2, the fixed-t dispersion relation becomes the subtracted one

Re A(ν, Q^2) = v.p. π ∞∫ Q^2/4m_N

dν^{′ 2}Im A(ν^′, Q^2) [ 1 ν^{′ 2} − ν^2 − 1 ν^{′ 2} ] + Δ . (7)

This subtracted (in the symmetric unphysical point ν = 0) dispersion relation is our principal result. It can be considerably simplified provided Im A(ν) decreases fast enough so that both terms in the squared brackets can be integrated separately,

Re A(ν) = v.p. π ∞∫ ν_0

dν^{′ 2}

Im A(ν^′) ν^{′ 2} − ν^2

+ C_0 , (8)

where

C_0 = Δ − 1 π ∞∫ ν_0

dν^{′ 2}

Im A(ν^′) ν^{′ 2}

= Δ + 1∫ −1 dx H^{(+)}(x, x) x . (9)

Using (5) with ξ = 0,

Δ(t) = 2 1∫ −1 dx H(x, 0, t) − H(x, x, t) x , (10)

one can see that the D-term is cancelled from the expression for the subtraction constant

C_0(t) = 2 1∫ −1 dx H(x, 0, t) x . (11)

This constant is similar to the result obtained in the studies of the fixed pole contribution to the forward Compton amplitude. For ξ, t = 0, GPDs are expressed in terms of standard parton distributions

C_0(0) = 2 1∫ 0 dx q(x) + q̄(x) x = 2 1∫ 0 dx q_v(x) + 2q̄(x) x . (12)

However, the integrals in (10) and (11) diverge at low x in both the valence and sea quark contributions [11, 10]. Therefore, for t = 0, we should consider (7) as a correct general form of the dispersion relation which includes the infinite subtraction at the point ν = 0 and the subtraction constant associated with the D-term [11].

For t /= 0, the integrals in (10) and (11) converge for sufficiently large t [11]. In the case of Regge inspired parameterization [4] H(x, 0, −t) ∼ x^{−α(0)+α′t}, this condition reads as t > α(0)/α^′, resulting in t ≳ 1(10)GeV^2 for the valence (sea) quark distributions.

The subtracted dispersion relation for the forward Compton scattering amplitude is

Re A(ν) = ν^2 π v.p. ∞∫ 0 dν^{′ 2} ν^{′ 2}

Im A(ν^′) (ν^{′ 2} − ν^2)

+ Δ . (13)

One can see that, for the proton target, our subtraction combined with the lattice simulations is rather close to the low energy Thomson term (note that Δ_{Thomson} = 1 for our normalization of the Compton amplitude).

Note that approaching the value Q^2 = 0 for Compton amplitude involves the infinite tower of higher twists. The observed numerical coincidence may signal about the sort of duality similar to Bloom-Gilman type duality between leading twist contribution and full result [14].

4. Conclusions

We can conclude that the fixed-t DR for the DVCS and VMP amplitudes require the infinite subtractions at ν = 0 with the subtraction constants associated with the D-terms. For the productions of the mesons defined by valence (C = −1) GPDs, the finite subtraction is absent. The appearance of the subtraction expressed in terms of (forward) parton distributions may be investigated in the framework of the leading order QCD factorization. The possibility of continuation of our results to the real photons limit has been considered.

Acknowledgements

We would like to thank A. P. Bakulev, M. Diehl, A. V. Efremov, S. B. Gerasimov, D. Yu. Ivanov, S. V. Mikhailov, D. Müller, B. Pire, M. V. Polyakov, A. V. Radyushkin, L. Szymanowski and S. Wallon for useful discussions and correspondence. This work was supported in part by Deutsche Forschungsgemeinschaft (Grant 436 RUS 113/881/0), RFBR (Grants 06-02-16215 and 07-02-91557) and RF MSE RNP (Grant 2.2.2.2.6546).

References

[1] D. Mueller, D. Robaschik, B. Geyer, F. M. Dittes and J. Horejsi, Fortsch. Phys. 42 (1994) 101.

[2] X. D. Ji, Phys. Rev. D 55 (1997) 7114. [3] A. V. Radyushkin, Phys. Rev. D 56 (1997) 5524.

[4] K. Goeke, M. V. Polyakov and M. Vanderhaeghen, Prog. Part. Nucl. Phys. 47 (2001) 401.

[5] M. Diehl, Phys. Rept. 388 (2003) 41.

[6] A. V. Belitsky and A. V. Radyushkin, Phys. Rept. 418 (2005) 1. [7] O. V. Teryaev, Analytic properties of hard exclusive amplitudes, in Proc. of 11th IEDS, Chateau de Blois, May 2005, p. 237, [arXiv:hep-ph/0510031]; Phys. Lett. B 510 (2001) 125.

[8] K. Kumericki, D. Muller and K. Passek-Kumericki, Nucl. Phys. B 794 (2008) 244;

[arXiv:hep-ph/0703179].

[9] M. Diehl and D. Y. Ivanov, Eur. Phys. J. C 52 (2007) 919; arXiv:0707.0351 [hep-ph]. [10] M. V. Polyakov, Phys. Lett. B 659 (2008) 542; arXiv:0707.2509 [hep-ph]. [11] I. V. Anikin and O. V. Teryaev, Phys. Rev. D 76 (2007) 056007. [12] V. Y. Petrov, P. V. Pobylitsa, M. V. Polyakov, I. Bornig, K. Goeke and C. Weiss, Phys.

Rev. D 57 (1998) 4325.

[13] M. Gockeler, R. Horsley, D. Pleiter, P. E. L. Rakow, A. Schafer, G. Schierholz and W. Schroers [QCDSF Collaboration], Phys. Rev. Lett. 92 (2004) 042002.

[14] O. V. Teryaev, Higher twists resummation in inclusive and semi-inclusive spindependent DIS, in Proc. of 16th International Spin Physics Symposium, Trieste, September 2004, p. 357.

DISPERZIJSKE RELACIJE I QCD FAKTORIZACIJA U TVRDIM REAKCIJAMA

Proučavamo analitička svojstva amplituda tvrdih ekskluzivnih procesa. Našli smo da QCD faktorizacija za duboko virtualno Comptonovo raspršenje i tvrdu ekskluzivnu tvorbu vektorskih mezona daje daje disperzijsku relaciju s oduzetom konstantom koja je odred–ena Polyakov-Weissovim članom D.