Printed ISSN 1330–0016 Online ISSN 1333–9133 CD ISSN 1333–8390 CODEN FIZBE7

NON-STATIC GLOBAL MONOPOLE IN LYRA GEOMETRY

F. RAHAMAN and R. MONDAL

Department of Mathematics, Jadavpur University, Kolkata - 700 032, India E-mail address: farook rahaman@yahoo.com

Received 30 April 2007; Accepted 19 December 2007 Online 29 February 2008

A class of non-static solutions around a global monopole, resulting from the breaking of a global SO(3) symmetry based on Lyra geometry, are obtained. The solutions are derived using the functional separability of the metric coefficients. We have shown that the monopole exerts attractive gravitational effects on test particles.

PACS numbers: 98.90.cq, 04.20.Jb, 04.50 UDC 539.126

Keywords: non-static global monopole, field-theoretic energy momentum tensors, Lyra geometry

1. Introduction

Global monopoles, predicted to exist in the grand unified theory, are supposed to have been created during a phase transition in the early Universe [1]. They are stable topological defects produced when global SO(3) symmetry is spontaneously broken in U(1). Monopoles exhibit some interesting properties, particularly in relation to the appearance of non-trivial space time topologies [1, 2]. Using a suitable scalar field, it can be shown that spontaneous symmetry breaking can give rise to such objects which are nothing but the topological knots in the vacuum expectation value of the scalar field, and most of their energy is concentrated in a small region near the monopole core. From the topological point of view, they are formed in the vacuum manifold M when M contains surfaces which can not be continuously shrunk to a point i.e. when π_2(M) /= I. Such monopoles have Goldstone fields with energy density decreasing with the distance as the inverse square law. They are also found to have some interesting features in the sense that a monopole exerts no gravitational force on its surrounding non-relativistic matter, but space around it has a deficit solid angle [2].

At first, Barriola and Vilenkin (BV) [3] showed the existence of such a monopole solution resulting from the breaking of global SO(3) symmetry of a triplet scalar field in a Schwarzschild background. After that, many articles have been published on general relativistic static models of the global monopole space time [4]. In the recent past, Chakraborty [5, 6] and Farook [7] have derived the solutions to the Einstein’s field equations for the non-static space time metric outside the core of a global monopole.

In the last few decades, there has been a considerable interest in alternative theories of gravitation. The most important among them being scalar-tensor theories proposed by Lyra [8] and Brans-Dicke [8]. Lyra proposed a modification of Riemannian geometry by introducing a gauge function into the structure less manifold that bears a close resemblances to the Weyl’s geometry. In general relativity, Einstein succeeded in geometrising gravitation by identifying the metric tensor with the gravitational potentials. In the scalar tensor theory of Brans-Dicke, on the other hand, the scalar field remains alien to the geometry. Lyra’s geometry is more in keeping with the spirit of Einstein’s principle of geometrisation, since both the scalar and tensor fields have more or less intrinsic geometrical significance.

In subsequent investigations, Sen [9] and Sen and Dunn [9] proposed a new scalar-tensor theory of gravitation and constructed an analog of the Einstein field equation based on Lyra’s geometry which in normal gauge may be written as

R_{ik} − 1 2 g_{ik}R + 3 2 ϕ_iϕ_k − 3 4 g_{ik}ϕ_mϕ^m = −8πGT_{ik} , (1)

where ϕ_i is the displacement vector and other symbols have their usual meaning as in Riemannian geometry.

Halford [10] has pointed out that the constant displacement field ϕ_i in Lyra’s geometry plays the role of cosmological constant Λ in the normal general relativistic treatment. According to Halford, the present theory predicts the same effects within observational limits, as far as the classical solar system tests are concerned, as well as tests based on the linearized form of field equations. Soleng [11] has pointed out that the constant displacement field in Lyra’s geometry will either include a creation field and be equal to Hoyle’s creation field cosmology or contain a special vacuum field which together with the gauge vector term may be considered as a cosmological term.

Subsequent investigations were done by several authors in scalar-tensor theory and cosmology within the frame work of Lyra geometry [12]. Recently, Rahaman et al. have studied some topological defects within the frame work of Lyra geometry [13].

In this work, we shall deal with the monopole with constant displacement vectors based on Lyra geometry in normal gauge, i.e. displacement vector

ϕ_i = (β, 0, 0, 0) , (2)

and look forward whether the monopole shows any significant properties due to the introduction of the gauge field in the Riemannian geometry.

2. The basic equations

Here we closely follow the formalism of Chakraborty [6] and take the Lagrangian that gives rise to monopoles as L = 1 2 g^{μν} ∂_μΦ^a∂_γ Φ^a − 1 4 λ(Φ^aΦ^a − η^2)^2 , (3)

where Φ^a is the triplet scalar field, a = 1, 2, 3, and η is the energy scale of symmetry breaking. For a non-static monopole, we do not write the explicit form of the field configuration of Φ^a but take it as an implicit form.

The energy momentum tensor for the above Lagrangian is given by [6]

T^γ_μ = ∂_μΦ^a∂^γ Φ^a − Lδ^γ_μ . (4)

The metric ansatz describing a monopole can be written as

ds^2 = −Adt^2 + Bdr^2 + CdΩ^2 . (5)

Here, A, B and C are functions of r and t.

The field equations (1) for the metric (5) reduce to 1 2 B [ 2 C^{′′} C + 1 2 ( C^′ C )_2 − B^′C^′ BC ] − 1 2 A [ 1 2 ( C^{∗2} C )2 + B^∗C^∗ BC ] − 1 C + 3 4 1 A β^2

= 1 2 [ − 1 A (Φ^{a∗})^2 − 1 B (Φ^{a′})^2 + 1 2 (Φ^aΦ^a − η^2)^2 ] , (6)

1 2 B [( C^′ C )_2 + A^′C^′ AC ] − 1 2 A [ 2 C^{∗∗} C + 1 2 ( C^∗ C )_2 − A^∗C^∗ AC ] − 1 C − 3 4 1 A β^2

= 1 2 [ 1 A (Φ^{a∗})^2 + 1 B (Φ^{a′})^2 + 1 2 λ(Φ^aΦ^a − η^2)^2 ] , (7)

1 2 B [ C^{′′} C + A^{′′} A + 1 2 ( A^′ A )_2 + 1 2 ( C^′ C )_2 − 1 2 B^′C^′ BC − B^′A^′ BA + 1 2 A^′C^′ AC ]

+ 1 2 A [ − C^{∗∗} C − B^{∗∗} B − 1 2 ( C^{∗2} C )2 − 1 2 ( B^{∗2} B )2 + A^∗C^∗ 2AC + A^∗B^∗ 2AB − B^∗C^∗ 2BC ] − 3 4A β^2

= 1 2 [ 1 A (Φ^{a∗})^2 − 1 B (Φ^{a′})^2 + 1 2 λ(Φ^aΦ^a − η^2)^2 ] , (8)

− C^{∗′} C − 1 2 C^∗C^′ C^2 + 1 2 A^′C^∗ AC + 1 2 B^∗C^′ BC = Φ^{a∗}Φ^{a′} . (9)

The field equation for the scalar triplet Φ^a is 1 A [ − Φ^{a∗∗} Φ^a + Φ^{a∗} Φ^a { − A^∗ A + B^∗ B + 2 C^∗ C }]

+ 1 B [ − Φ^{a′′} Φ^a + Φ^{a′} Φ^a { − A^′ A + B^′ B − 2 C^′ C }] + λ(Φ^aΦ^a − η^2)^2 = 0 . (10)

[The symbols ‘ * ’ and ‘ ’ ’ represent the differentiation with respect to t and r, respectively.]

3. Solutions to the field equations

To get exact solutions, we follow the method of separation of variables and assume the separable form of the metric coefficients as

A = A_1(r)A_2(t), B = B_1(r)B_2(t), C = C_1(r)C_2(t) . (11)

Further, without any loss of generality, one can assume

A_2(t) = B_1(r) = 1 , (12)

since A_2(t) or B_1(r) different from unity result in a scaling of time or radial coordinates.

Also, we have taken the scalar field triplet in the separable form as

Φ^a(r, t) = Φ^a_1(r) + Φ^a_2(t) . (13)

We shall now solve these equations with the following relations among the metric coefficients A_1 = aC^n_1 and B_2 = bC^m_2 , (14)

where a, b, m and n are arbitrary constants.

From Eq. (9), by using Eqs. (11) – (14), we get

Φ^a_2^∗ = q ( m + n − 3 2 ) C^∗_2 C_2 and Φ^a_1^′ = 1 q C^′_1 C_1

, (15)

where q is the separation constant.

Now, eliminating Φ^a_1^′, using the separable forms and taking Eq. (6) + Eq. (7) - 2 × Eq. (8), we get C^{′′}_1 C_1 + d ( C^′_1 C_1

)_2

= eC^{−n}_1 , (16)

where d =^1_2 [3n^2 − n + (2/q^2)], e = p/(2a) and p is the separation constant.

The integral form of C_1 is ∫ [ D_1C^{−2d}_1 + 2e 2d − n + 2

C^{(2−n)} 1 ]_{−1/2}

dC_1 = ±(r − r_0) , (17)

where D_1 and r_0 are integration constants.

For different choices of the constants, the solutions for C_1 are

Case I: p = 0: C_1 ∝ (r − r_0)^{1/(1+d)} , (18)

Case II: D_1 = 0: C_1 ∝ (r − r_0)^{2/n} , (19)

Case III: n = 0, D_1 > 0: C_1 = √ (d+1)D_1/e sinh √ e(d+1)(r−r_0)^{1/(1+d)}, (20)

Case IV: n = 0, D_1 < 0: C_1 = √ (d+1)D_1/e cosh √ e(d+1)(r−r_0)^{1/(1+d)}, (21)

Proceeding in a similar way, the integral form of C_2 is ∫ [ D_2C^{−2f}_2 + 2g 2f −m+2

C^{(2−m)} 2 − 6β^2 (2m+4)(2f +2)

C^2_2

]_{−1/2}

dC_2 = ±(t−t_0) , (22)

where D_2 and t_0 are integration constants, f ={3m^2+2+2q^2(m+n−3/2)^2}/(2m+4) and g = p/[b(2m + 4)].

The solution set for the time part C_2 is as follows:

Case I: p = 0: C_2 = √ β^2 f +1 2m+4 [ sin √ 2D_2

(f +1)(2m+4) β^2

(t−t_0)

]1/(f+1)

, (23)

Case II: D_2 = 0, m = 0 : C_2 = exp [√ g 2f − 3 β^2 8(f + 1)

(t − t_0) ] , (24)

Case III: D_2 = 0, m = 2 : C_2 = √ 2g 3β^2 sin √ 3β^2 4(f + 1)

(t − t_0), (25)

Case IV: f = 1, m = 0 : C_2 =2 √ D_2 g−(3/2)β^2 sinh √ g−(3/2)β^2 (t−t_0), (26)

From Eq. (15), we get

Φ^a_1(r) = 1 q ln C_1 + Φ^a_{01} and Φ^a_2(t) = q [ m + n − 3/2 ] ln C_2 + Φ^a_{02} , (27) where Φ^a_{01} and Φ^a_{02} are integration constants.

4. Concluding remarks

In this paper, we have studied the gravitational field of non-static monopole in Lyra geometry. The solutions we have obtained in the present paper are not most general. Nevertheless, the solutions presented here are perhaps the exact analytical solutions obtained for the first time.

The expression of our metric (5) is

ds^2 = −C^n_1 dt^2 + C^m_2 dr^2 + C_1C_2dΩ^2

If we define T = ∫ C^{−m/2}

2 dt and R = ∫ C^{−n/2}_1 dr then the above metric can be written as ds^2 = −dT^2 + dR^2 + C^{1−n}_1 C^{1−m}_2 dΩ^2

The metric describes a solid angle of deficiency which depends both on radial and time coordinates (except for a conformal factor). It is important to note that our non-static metric is not conformally flat and, hence, it represents a monopole [6].

Another aspect of the monopole is the effect on a test particle in its gravitational field. Let us consider an observer with four velocity given by

V_i = √ C_1 δ^1 .

Then we obtain the acceleration vector A^i as

A^i = V^i_{; k}V^k = (C^1_1 /C_1)C^{−2}_1 δ^i_r

For the above solutions (18) – (21), one can see that A^r is positive. Hence, the monopole exhibits an attractive force to the observer.

Acknowledgements

We are thankful to the members of Relativity and Cosmology Center, Jadavpur University for helpful discussions. F. R. is thankful to DST, Govt. of India for financial support.

References

[1] T. W . B. Kibble, J. Phys. A 9 (1976) 1387.

[2] A. Vilenkin and E. P. S. Shellard, Cosmic String and other Topological Defects, Camb.

Univ. Press (1994).

[3] M. Barriola and A. Vilenkin, Phys. Rev. Lett. 63 (1989) 341.

[4] D. Harrari and C. Lousto, Phys. Rev. D 42 (1990) 2626;

X. Shi and X. Li, Class. Quan. Grav. 8 (1990) 761;

A. Banerji, S. Chatterji and A. A. Sen, Class. Quan. Grav. 13 (1996) 3141; F. Rahaman, S. Chakraborty and M. Kalam, Nuovo Cim. B 116 (2001) 1217; F. Rahaman et al., Czech. J. Phys. 54 (2004) 785; Subenoy Chakraborty et al., Nuovo Cim. B 114 (1999) 1017; F. Rahaman, Astrophys. Space Sci. 283 (2003) 33.

[5] S. Chakraborty and L. Biswas, Int. J. Mod. Phys. A 13 (1998) 1.

[6] S. Chakraborty, Physica Scripta 58 (1998) 294.

[7] F. Rahaman, Indian J. Pure Appl. Phys. 40 (2002) 556;

F. Rahaman and B. C. Bhui, Fizika B (Zagreb) 14 (2005) 349.

[8] G. Lyra, Math. Z. 54 (1951) 52;

C. Brans and R. H. Dicke, Phys. Rev. 124 (1961) 925.

[9] D. K. Sen, Phys. Z. 149 (1957) 311;

D. K. Sen and K. A. Dunn, J. Math. Phys 12 (1971) 578. For brief notes on Lyra geometry see also: A. Beesham, Aust. J. Phys. 41 (1988) 833; T. Singh and P. Singh, Int. J. Th. Phys. 31 (1992) 1433; F. Rahaman et al., Astrophys. Space Sci. 295 (2005) 507.

[10] W. D. Halford, Aust. J. Phys. 23 (1970) 863.

[11] H. H. Soleng, Gen. Rel. Grav. 19 (1987) 1213.

[12] K. S. Bharma, Aust. J. Phys. 27 (1974) 541;

T. M. Karade and S. M. Borikar, Gen. Rel. Grav. 1 (1978) 431; A. Beesham, Astrophys. Space Sci. 127 (1986) 189; T. Singh and G. P. Singh, J. Math. Phys. 32 (1991) 2456; G. P. Singh and K. Desikan, Pramana 49 (1997) 205; F. Rahaman et al., Nuovo Cim. B 121 (2006) 649; gr-qc/0612042; F. Rahaman et al., gr-qc/0608083;

F. Rahaman and J. K. Bera, Int. J. Mod. Phys. D 10 (2001) 729; F. Rahaman et al., Astrophys. Space Sci. 281 (2002) 595; Arxiv: gr-qc/0704.134.

[13] F. Rahaman, Int. J. Mod. Phys. D 9 (2000) 775;

F. Rahaman, Int. J. Mod. Phys. D 10 (2001) 579; F. Rahaman et al., Mod. Phys. Lett. A 19 (2004) 2785; F. Rahaman, Astrophys. Space Sci. 280 (2002) 337; F. Rahaman et al., Int. J. Mod. Phys. D 10 (2001) 735; F. Rahaman, Mod. Phys. Lett. A 18 (2003) 41; F. Rahaman, Astrophys. Space Sci. 283 (2003) 151; F. Rahaman, Fizika B (Zagreb) 11 (2002) 223; F. Rahaman et al., Astrophys. Space Sci. 286 (2003) 581; F. Rahaman et al., Astrophys. Space Sci. 305 (2006) 357; gr-qc/0605042.

NESTATIČKI GLOBALNI MONOPOL U LYRINOJ GEOMETRIJI

Izveli smo klasu nestatičkih rješenja oko globalnog monopola koja se javljaju lomljenjem globalne SO(3) simetrije zasnovane na Lyrinoj geometriji. Rješenja smo postigli funkcionalnim razdvajanjem metričkih koeficijenata. Pokazali smo da monopol ima privlačne gravitacijske učinke na ispitne objekte.