ISSN1330–0016 CODEN FIZBE7

ON A NOVEL REGULARIZATION SCHEME

DEBNARAYAN JANA

Department of Physics, University College of Science and Technology, 92 A. P. C. Road, Calcutta 700 009, W. B., India E-mail address: d.jana@cucc.ernet.in

Received 22 February 2002; Accepted 10 October 2002 Online 7 February 2003

We develop the mode-matching regularization scheme particularly suitable for problems in a uniform magnetic field. We apply this regularization scheme to bare QED vacuum in (2 + 1) dimensions. This regularization scheme gives the exact renormalization of the bare QED vacuum and establishes its diamagnetic nature.

PACS numbers: 11.10.Wx, 05.30.Jp UDC 537.8

Keywords: regularization, QED vacuum, diamagnetism

1. Introduction

In any field theory, because of its infinite number of degrees of freedom, the zero-point energy diverges. In a conventional field theory, the infinite zero point energy is always discarded, since it can be reabsorbed in a suitable redefinition of the zero-point energy. This is justified in the sense that the infinite zero-point energy is unobservable. However, the change in zero-point energy caused by the external constraints is finite and observable. So, according to Casimir’s idea [1], the physical vacuum energy can be defined as the difference between the zero-point energy corresponding to the vacuum configurations with constraints and the one corresponding to the free vacuum configurations. This definition must be supplemented in general with a regularization prescription in order to obtain a finite convergent expression. Various regularization schemes [2,3] have been developed in the field theory literature to obtain a finite cut-off-independent result. Here, we apply a simple yet interesting regularization scheme to bare QED case in two spatial dimensions. This regularization scheme [4] was previously used in the case of a charged scalar field in an external magnetic field in two spatial dimensions. The purpose of this paper is twofold. One is to establish this mode-matching regularization scheme as one of the important schemes suitable for an external magnetic field, and secondly, to establish the nature of the (2 + 1) bare QED vacuum in an external magnetic field. In literature, the renormalization of QED vacuum in (2 + 1) dimensions has been discussed in a background magnetic field in the effective action formalism [5]. This example apart from its simplicity illustrates an important fact that the naive N-particle nature does not always translate to a corresponding field theory.

This paper is organised as follows. In the next section, we develop the modematching regularization and apply it to the non-relativistic case. In Sect. 3, we apply it to the relativistic case, i. e. the bare QED vacuum, and show that the response of the vacuum is diamagnetic in nature. Finally, in Sect. 4, we give our conclusions.

2. Regularization in non-relativistic case

The regularization scheme we want to develop basically conserves the number of modes. Without the magnetic field, the phase-space coordinates of a particle are (x, p_x, y, p_y). The spectrum is continuous. But in the presence of a magnetic field, the phase space is governed by (x, y, Π_x, Π_y). The spectrum now becomes discrete and all energy levels are highly degenerate. This degeneracy of the system is related to the non-commutavity of Π_x and Π_y. Since the commutation relation between Π_x and Π_y is gauge invariant, hence the mode matching is gauge invariant. Again, the phase-space density is invariant in any Lorentz frame. Therefore, this procedure can be justified on physical grounds.

Counting the modes up to the L-th Landau level, we find eBA hc L∑ l=0 1 = eBA hc (L + 1) . (1)

Here, A is the area of the system. Similarly, for the momentum cut-off up to Λ, we get the modes without the magnetic field as 2πA h^2 Λ∫ 0 p dp = πAΛ^2

h^2

. (2)

According to this mode-matching principle, we get

Λ^2 = eBh πc (L + 1) . (3)

This relation may look unphysical in the sense that Λ is depending on the magnetic field. Instead, one should consider the mode-matching relation to find out L. Given a value of Λ, one can fix the L value on the magnetic field. In this way one can compare the two free energies. For non-integer values of L, the Landau level sum is not defined. One can also consider this as an intermediate step rather than the final one. Of course, the physical quantity is here the difference between the two free energies (when the cutoff is taken to infinity), not the individual ones.

We have used a sharp cut-off to both the integral and the sum involved. Instead, one can also use the regularising cut-off function [6] like

exp(−(p^2 + m^2)/(2Λ^2))

with a large Λ. With this regularization function, we can keep the limits of integration unaltered. This cut-off function is a smooth function of p with different weights to different momenta p. Contributions from the high values of the momentum p are not significant. Again, using the mode-matching principle, we can get a relation among L and Λ. Formally, one can use this scheme to extract the universal component of the vacuum contribution; however, its nontrivial non-linear structure makes the calculation a little bit difficult for an exact analysis.

The non-relativistic expression of energy in the presence of a uniform magnetic field is given by

E(B) = eBA hc ∞∑ l=0 ( l + 1 2 ) h̄ω_c , (4)

and the energy without the magnetic field is

E(0) = A h^2 ∞∫ −∞ dp_x dp_y 1 2m (p^2_x + p^2_y) . (5)

It is quite obvious that these two energies are divergent, so we use now the modematching regularization scheme to obtain a finite difference between them. Now, the energy in the presence of a magnetic field up to the L-th Landau level is given by E(B, L) = e^2B^2A 4πmc^2

(L + 1)^2 . (6)

The energy without the magnetic field with a momentum cutoff Λ is given by

E(0, Λ) = πAΛ^4 4mh^2

. (7)

Now, due to the mode matching, we notice that

E(B, L) = E(0, Λ) . (8)

Equation (8) shows the exact cancellation of the two infinities in the case of the nonrelativistic limit. This also restores the property of a true vacuum which has zero energy. One can also use the same mode-matching relation to (3 + 1) dimensions to obtain the zero vacuum energy.

Up till now, we have not taken into account the spin of the electron. In the presence of the spin, the non-relativistic energy levels in a uniform magnetic field are given by

E_{l,σ} = ( l + 1 2 h̄ω_c ) − σh̄ω_c , (9)

where σ is the spin index which can take the values ±^1_2 , and ω_c = eB/(mc) is the cyclotron frequency. Because of the degeneracy between the spin-up and spin-down electrons, Eq. (3) becomes

Λ^2 = eBh̄ c (2L + 1) . (10)

Now, the energy in presence of the magnetic field is given by

E_0(B, L) = eBA hc [_L ∑ l=0 lh̄ω_c +

L−1∑ l=0 (l + 1)h̄ω_c ] . (11)

After simplification, we obtain

E_0(B, L) = e^2B^2A 2πmc^2 [ (L + 1 2 )^2 − 1 4 ] . (12)

Similarly, the energy without the magnetic field in this case becomes

E_0(0, Λ) = πAΛ^4 2mh^2

. (13)

Substituting the value of Λ, we get

E_0(0, L) = e^2B^2A 2πmc^2 ( L + 1 2 )_2

. (14)

Now, comparing the two energies, it is evident that

E_0(B, L) − E_0(0, L) = − e^2B^2A 8πmc^2

. (15)

The difference is seen to be finite and independent of the cutoff. Also, the difference decreases with the magnetic field. This in turn suggests that the ground state of electrons having spin 1/2 degrees of freedom is paramagnetic in nature.

3. Regularization of QED vacuum

In this section, we follow the natural units h̄ = 1 and c = 1. In the case of the bare QED vacuum in an external homogeneous magnetic field, the single-particle energy levels for spin-up and spin down states are given by [7]

ω_{l,σ} = √ m^2 + 2l eB, ω_{l,−σ} = √ m^2 + (2l + 2) eB . (16)

The total energy of the system is given by

E_0(B) = − eBA 2π ∞∑ l=0 (ω_{l,σ} + ω_{l,−σ} ) . (17)

(As noted above, A is the area of the system.) Note that there is a difference in sign relative to the vacuum energy in the spin-zero case. This negative sign occurs because spin 1/2 particles satisfy the anticommutation relation rather than the commutation one [8,6,9]. The energy of spin-1/2 particle without the magnetic field is given by

E_0(0) = −2 × A 2π ∞∫ 0 p dp √ p^2 + m^2 . (18)

The factor 2 comes from the spin degeneracy. Again, we note that the energy diverges both in the presence of an external magnetic field and without it. Below we show that their difference is finite and positive in the asymptotic limit. We regularize the energy in the presence of the magnetic field with a finite Landau level cut-off L, and the energy then becomes

E_0(B, L) = − eB A 2π [_L ∑ l=0 ω_{l,σ} +

L−1∑ l=0 ω_{l,−σ} ] . (19)

The energy without the magnetic field with a finite momentum cut-off Λ is given by E_0(0, Λ) = − 2A 6π [ (Λ^2 + m^2)^{32} − m^3 ] . (20)

However, to compare these two energies (19) and (20), we need another relation among L and Λ. This is provided by the mode-matching regularization scheme. The number of modes in the presence of an external homogeneous magnetic field with a cut-off L is given by eBA 2π [_L ∑ l=0 1 + L−1∑ l=0 1 ] = eBA 2π (2L + 1) . (21)

Similarly, the number of modes without the magnetic field with a finite momentum cut-off Λ is given by 2A 2π Λ∫ 0 p dp =

AΛ^2 2π . (22)

Equating these, we get a relation between L and Λ as

Λ^2 = (2L + 1)eB . (23)

Therefore, Eq. (20) becomes

E_0(0, Λ) = − 2A 6π [ ((2L + 1)eB + m^2)^{3/2} − m^3 ] . (24)

It can be easily shown by numerically plotting and comparing the two energies that

E_0(B, L) ≥ E_0(0, L) . (25)

Before we go on to prove the (cut-off independent) renormalization and positiveness of the free-energy difference, we present a simple table obtained numerically which illustrates effectively the renormalization. The parameters used in following table are m = 0.1 and B = 2. Here, ΔE = (2π/A) [E_0(B, L) − E_0(0, Λ)].

TABLE 1. Free-energy difference, ΔE, for different values of cutoffs (L).

Different values of cutoffs (L) ΔE L = 10 1.71448 L = 100 1.68021 L = 1000 1.68623 L = 9000 1.68895

The above table illustrates two points, first, the difference is positive and hence the response is diamagnetic. And secondly, the difference is going to saturate with the cut-off and becomes independent of the cut-off in the asymptotic limit. For the sake of completeness, we provide an analytical proof below. It is easy to notice that the difference between the two energies can be written as

ΔE_0(B, m) =

2eBA

∑_∞ l=0 [_1 ∫ 0 dα √ m^2 + 2(l + α)eB − √ m^2 + 2leB − √ m^2 + (2l + 2)eB ] . (26) Now, introducing the dimensionless variable ρ = eB/m^2, we can write the above difference in the dimensionless form as

g(ρ) =

ΔE_0(B, m) 2 √ 2ρ^{3/2}m^3A = ∞∑ l=0 d_l(B, m) , (27) where d_l(B, m) is given by

d_l(B, m) = 2 1∫ 0 dα √ z_l + α − ( √ z_l + √ z_l + 1) , (28)

where z_l = (1 + 2lρ)/2ρ. Now, note that the function f(α) = √ z_l + α is convex (see Fig. 1).

Fig. 1. The curve is drawn for the function f(α) = (0.1 + α)^{1/2}. The dash-dot line is the chord joining the two end points of the curve. The area under the curve is more than that under the chord. Hence, the positivity of d_l(B, m) is proved.

Hence, it follows that 1∫ 0 dα √ z_l + α − √ z_l + √ z_l + 1 2 ≥ 0 . (29)

The convergence of this function can be proved easily. We note that 1∫ 0 dα f(α) ≤ [ f(1/2) − f(0) + f(1) 2 ] . (30)

Now, applying mean value theorem twice, it is easy to show that 1∫ 0 dα f(α) ≤ 1 16(z_l + α)

3/2 . (31) jana: on a novel regularization scheme

Notice that the difference between the free energies varies with the cutoff as 1/ √ L. This shows that in the relativistic case, the response of QED vacuum is diamagnetic in nature.

Instead of using the previous mode matching (23), one can use the energy of the highest state to obtain relations like Λ^2 = 2LeB or Λ^2 = (2L + 2)eB. It turns out that the energy difference becomes cut-off dependent. Therefore, this regularization scheme based on the matching of energy can be discarded.

4. Conclusion and discussion

The diamagnetism of QED vacuum in (3+1) dimension have also been discussed in Ref. [9]. Here, we also find the same response as QED in (2+1) dimension. However, the result obtained in Ref. [9] depends on the cutoff used in the theory. Our result uses a proper regularization scheme to deduce the diamagnetic nature of the renormalised vacuum. If one thinks in terms of virtual pairs of electrons and positrons which have spin, then one would naively believe that the vacuum will be paramagnetic in nature. However, it turns out that it is diamagnetic. This behaviour is well known in literature [9,10] and has been explained as a consequence of the Pauli exclusion principle. The nature of the QED vacuum in an inhomogeneous magnetic field as well as with a finite chemical potential and finite fermion density has been discussed recently in the literature [11,12]. To summarize, we have shown the renormalization of bare QED vacuum in two spatial dimensions in an external homogeneous magnetic field and established that the energy in presence of an external magnetic field is higher than without the magnetic field. This inequality has been proved exactly through a novel regularization scheme.

Acknowledgements

It is a pleasure to thank Prof. J. Samuel of Raman Research Institute, Bangalore for many illuminating discussions. I would also like to thank Prof. D. Banerjee of University of Calcutta for some interesting comments.

References [1] H. B. G. Casimir, Proc. Kon. Ned. Aked. Wet. 51 (1948) 793.

[2] J. Schwinger, Phys. Rev. 82 (1951) 664.

[3] W. Pauli and F. Villars, Rev. Mod. Phys. 21 (1949) 434.

[4] D. Jana, Nucl. Phys. B 473 (1996) 659; D. Jana, Nucl. Phys. B 485 (1997) 747.

[5] M. Bordag and K. Kirsten, Phys. Rev. D 60 (1999) 105019; and references therein.

[6] K. Deitz, Physica Scripta T21 (1988) 65.

[7] C. Itzykson and J. B. Zuber, Quantum Field Theory, McGraw-Hill Book Company 1985.

[8] J. I. Kapusta, Finite Temperature Field Theory, Cambridge 1989.

[9] N. K. Nielsen, Am. J. Phys. 49 (1981) 1171. [10] R. J. Huges, Nucl. Phys. B 186 (1981) 376.

[11] M. P. Fry, QED in Inhomogeneous Magnetic Fields, preprint hep-ph/9606037;

Phys. Rev. D 53 (1996) 980.

[12] D. Persson and V. Zeitkin, Phys. Rev. D 51 (1995) 2026; V. Zeitkin, Phys. Lett. B 352 (1995) 422; D. Persson, Ph.D. Thesis, Hot and Dense Gauge Theories with External Fields, Göteborg University (1996).

NOVA REGULACIJSKA SHEMA

Razvili smo regulacijsku shemu s usklad–ivanjem modova koja je posebno pogodna za probleme u jednolikom magnetskom polju. Primijenili smo je u prostoru s (2+1) dimenzija i čistom QED vakuumu. Ova regulacijska shema daje egzaktnu renormalizaciju čistog vakuuma i utvrd–uje njegovu dijamagnetsku narav.