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It is shown that amplification without the population inversion may be possible even
in the usual case of maser action, that corresponds to a strong pumping field and
a weak signal, both at resonance. The optimum conditions for such amplification
are established by means of the steady-state solutions of the density matrix for
multilevel spin system in dilute paramagnetic crystals at high temperatures.

1. Introduction

Amplification without population inversion has recently attracted considerable
attention. Many schemes for light amplification without population inversion have
been proposed [1], while some of them have already been experimentally demon-
strated [2].

Microwave amplification without the population inversion has also been recently
predicted [3]. In the case of triple resonance, when the spectroscopic bridge condi-
tions are satisfied, important linear and nonsaturating effects are predicted. There-
fore, high-efficiency microwave generation or phase-sensitive detection could be
achieved [3,4]. In the usual case of double resonance such effects may not be pos-
sible [3]. However, the amplification without the population inversion, in the usual
case of a strong pumping field and a weak signal, both at resonance, would have
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the advantage of being a simple scheme, while all the other schemes proposed or
achieved until now are more complicated.

The purpose of this paper is to establish the optimum conditions of amplifica-
tions without inversion corresponding to the usual scheme of maser action men-
tioned above.

2. Formalism

In order to describe the microwave powers absorbed or emitted by a dilute
paramagnetic solid subjected to several quasimonochromatic fields at resonance,
one can use the analytic steady-state solutions of the density matrix equation for
multilevel spin system [3,4]:

Pij =

∫

Pij(ω)Dij(ω)dω = 2h̄ω0

ijNΩij . (1)

If Pij > 0, the power is emitted, while if Pij < 0, the power is absorbed. ω0

ij =

ω0

i − ω0

j , ω
0

i = Ei/h̄, with Ei being the exact eigenvalues of the spin Hamiltonian

and N the total number of spins. ωij = ω0

ij + δω, where the spectral density
Dij(ω) of the quasimonochromatic field at resonance is nonvanishing as long as

| δω |≪ (T ij
2
)−1, where T ij

2
is the spin-spin relaxation time corresponding to the

pair of levels involved.

Let us consider three levels n, σ, m among the levels of a multilevel spin system.
Let us suppose that the number of levels is N > 2, En > Eσ > Em and that
ω0

nm, ω0

nσ, are the frequencies of two quasimonochromatic fields at resonance. ωnm

corresponds to a strong pumping field, while ωnσ corresponds to a weak signal.
In our case Pnm < 0 and Pnσ > 0 correspond, respectively, to the absorption and
emission of microwave power by the lattice. The solutions for the power parameters
Ωnm and Ωnσ (Ωij = −Ωji) in Eq. (1) are obtained by solving a system of equations
[3,4], which in our case becomes

{
[

(Tnm
2

)−1+ < p2nσ > T σm
2

]

< p2nm >−1 +2Tnm
1

}Ωmn − (T σm
2

+ 2Tmn
nσ ) Ωnσ =

= ρ0mm − ρ0nn (2a)

{
[

(Tnσ
2

)−1+ < p2nm > T σm
2

]

< p2nσ >−1 +2Tnσ
1

}Ωnσ − (T σm
2

+ 2Tnσ
mn) Ωmn =

= ρ0nn − ρ0σσ (2b)

where ρ0ii are the thermal equilibrium values of the diagonal elements of the den-
sity matrix and ρii = Ni/N , Ni being the population of the spin level i. pij
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are the matrix elements (considered to be real) of the time dependent Hamilto-
nian which represents the interactions of the multilevel spin system with the mi-
crowave fields. They are expressed in units of h̄ and are written in the interaction
representation like the off-diagonal elements ρij of the density matrix. Further,

< p2ij >=

∫

p2ij(ωij)Dij(ω)dω. T
ij
2

is the spin-spin relaxation time corresponding

to the pair of spin levels i, j, while T ij
1

and Tαi
ij are spin-lattice relaxation times

defined as:

T ij
1

= T ij
ji = Kj

ij −Ki
ij , (3a)

Tαi
ij = Kα

ij −Ki
ij (3b)

where T ij
1

represents the spin-lattice relaxation time corresponding to a simple
line in usual electron paramagnetic resonance (EPR) experiments [5,6]. The ”spin-
lattice relaxation times” Kα

ij are obtained by solving the equations:

∑

α/=i

(

Kα
ijwαi −Ki

ijwiα

)

=
∑

α/=j

(

Kj
ijwjα −Kα

ijwαj

)

= 1;

∑

α/=β

(

Kβ
ijwβα −Kα

ijwαβ

)

= 0 β /=i, j (4)

where wi,j are the spin-lattice relaxation rates corresponding to the pair of states
i, j.

The solution for ρii (corresponding to the population of the level i) becomes

ρii = ρ0ii + 2Ki
nmΩnm + 2Ki

nσΩnσ. (5)

The equations (1), (2) and (4) are valid as long as [3,6]:

< p2ij >

RαβRij
≪ 1 (6)

where −Rαβ are relaxation rates corresponding to the pairs of different vibrational
states and representing the line-widths in the infrared (IR) spectra. As −Rij =

(T ij
2
)−1, which correspond to the EPR line-width, is of few G (10−4 cm−1), the

condition (6) is satisfied even for very strong microwave fields, whose magnetic
amplitudes do not exceed a few hundreds G.

An improved amplification is achieved when the linear effects prevail [7] when
the emitting power is proportional to the intensity of the emitted field. This inten-
sity, in the case of double resonance [3,4], has to be much lower than the intensity
of the saturating field. Therefore,

< p2nσ > ≪ < p2nm > . (7)

FIZIKA A 3 (1994) 1, 1–6 3



popescu : proposal for amplification without inversion . . .

Let us suppose that the saturating field is strong enough so that:

Tnm
2

T σm
2

< p2nm > ≫ 1. (8)

Taking into account the conditions (7) and (8) in Eqs. (1), (2) and (4) one obtains:

ρnn − ρmm ≈
(

ρ0nn − ρ0mm

)

(Tnm
2

)−1(Tnm
1

)−1 < p2nm >−1≈ 0 (9)

ρnn − ρσσ ≈ ρ0nn − ρ0σσ + (Tnm
1

)−1T σn
nm(ρ0mm − ρ0nn) (10)

Pnσ ≈ 2Nh̄ωnσ < p2nσ >< p2nm >−1
[

(ρ0mm − ρ0nn)(2T
nm
1

)−1 + (ρ0nn − ρ0σσ)(T
σm
2

)−1
]

.
(11)

In order to achieve the amplification without inversion, ρnn − ρσσ must be neg-
ative and Pnσ positive. Therefore, the condition of amplification without inversion
is:

T σn
nm

Tnm
1

<
ρ0σσ − ρ0nn
ρ0mm − ρ0nn

<
T σn
nm

Tnm
1

+
T σm
2

2Tnm
1

. (12)

3. Discussion

At low temperatures, the spin-spin relaxation times are usually much shorter
than the spin-lattice relaxation times, i.e., T σm

2
≪ Tnm

1
. In that case the condition

(12) would not be fulfilled and the amplification without inversion could not be
achieved.

At higher temperatures, the spin-spin and spin-lattice relaxation times become
comparable and the EPR line-widths in some cases have strong temperature depen-
dence [8]. The larger the ratio T σm

2
/Tnm

1
, the stronger is the amplification without

inversion.

The spin-lattice relaxation times T σn
nm and Tnm

1
are always positive. As Tnm

1
=

T σn
nm+Tmσ

nm (see Eq(3)) and T σn
nm and Tmσ

nm are both positive, the ratio T σn
nm/Tnm

1
<

1. In the case of the multilevel spin systems, even T ij
2

and T ij
1

are comparable,

T ij
2

< T ij
1
, so that (see Eq. (12)),

ρ0σσ − ρ0nn
ρ0mm − ρ0nn

≈
En − Eσ

En − Em
∼
< 1.

Therefore, the frequency of the pumping field have to be higher than that of the
emitted field. At temperatures that are not too high (ρ0ii − ρ0jj) ∼ (1/T ), T2 is

usually temperature independent, while (T1)
−1 ∼ T 7 or increases exponentially

with temperature [8,9]. At sufficiently high temperatures (T2)
−1 and (T1)

−1 are
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both proportional to the temperature [8]. Since ρnn−ρσσ would have to be negative,
the larger the value of ρσσ − ρnn, the weaker is emitted field Pnσ (see Eq. (11)).
That is why Pnσ and the amplification without inversion exhibits a maximum at
an optimum temperature. On the contrary, in the usual case of amplification (with
inversion), the lower the temperature, the better is the amplification [3,7].

Consequently, in order to achieve the amplification without the population in-
version, sufficiently high temperatures are needed, so that the spin-spin and spin-
lattice relaxation rates become comparable. In other words, at relatively low tem-
peratures, when the spin-spin relaxation times are much shorter than the spin-
lattice relaxation times, the spins relax to equilibrium inside the spin system, and
after that, the spin reservoir relaxes to the lattice. In that case the amplification
without the population inversion is not possible. At sufficiently high temperatures,
when the spin-spin and spin-lattice relaxation times become comparable, the spins
relax among themselves and to the lattice with comparable rates. In this case, when
the conditions (6), (7), (8) and (12) are fulfilled, the amplification without the pop-
ulation inversion becomes possible, even in the usual case of double resonance, but
only when the two transition have a level in common [3].

The above considerations could be valid for any kind of multilevel system, in-
cluding the usual case when the electric field contributes to pij [10], but only when
all the conditions mentioned above are satisfied. Thus, the condition (6) and con-
sequently the validity of Eqs. (1), (2) and (4) is specifical only for a spin system
corresponding to a well isolated orbitally nondegenerate ground state [5,11]. That
is why, for the spin system mentioned above, the conditions (6) and (8) may be sat-
isfied simultaneously, and consequently our treatment may be valid, although the
pumping field is very strong (see the condition (8)). For the amplification with inver-
sion, the saturating condition for the pumping field is [5]: Tnm

1
Tnm
2

< p2nm > ≫ 1.
At low temperatures Tnm

1
≫ Tnm

2
and the condition (8) ceases to be necessary.

That is why our treatment might be inadequate in the case of multilevel systems
other than spin systems in dilute paramagnetic solids.

Finally, we have to emphasize that, although the scheme analysed in this paper
does not exhibit some advantages over those corresponding to the spectroscopic
bridge (the triple resonance case [3]), it is the simplest scheme of amplification
without inversion predicted or realized until now.
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UDK 537.635

PACS 76.20

Pokazano je da je pojačanje bez populacijske inverzije moguće čak i u uobičajenom
slučaju maserske akcije koja odgovara jakom pumpajućem polju i slabom signalu,
oboje u rezonanciji. Optimalni uvjeti za takvo pojačanje nadeni su kao stacionarno
rješenje matrice gustoće za spinski sistem s vǐse nivoa u razrijedenim paramagnet-
skim kristalima na visokim temperaturama.
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