Printed ISSN 1330–0008 Online ISSN 1333–9125 CD ISSN 1333–8390 CODEN FIZAE4

A NEW TRIAL EQUATION METHOD TO FIND THE EXACT TRAVELING WAVE SOLUTIONS TO NONLINEAR DIFFERENTIAL EQUATIONS

XING-HUA DU

Department of Mathematics, Northeast Petroleum University, Daqing 163318, China E-mail address: xinghuadu@126.com

Received 9 December 2009; Accepted 9 February 2011 Online 21 May 2011

We propose an new trial equation method to solve nonlinear differential equations. By this method, we obtain some exact solutions to the RLW-Burgers equation and the (2+1)-dimensional KdV-Burgers equation.

PACS numbers: 02.30.Jr; 05.45.Yv; 03.65.Ge UDC 530.182, 532.592

Keywords: trial equation method, exact solution, RLW-Burgers equation, (2+1)-dimensional KdV-Burgers equation

1. Introduction

It is important to find exact traveling wave solutions of nonlinear differential equations for many applications. Several methods have been proposed such as inverse scattering method [1], direct method [2], Backlund transformation [3], algebraic expansion method (Ref. [4] and references therein), the complete discrimination system method [5], and so on. Liu [6 – 9] proposed the trial equation method to find exact solutions to nonlinear differential equations. In order to describe Liu’s method, we consider a differential equation of u. We always assume that its exact solution satisfies a solvable equation u^′ = F (u) or u^{′′} = F (u). Therefore, our task is just to find the function F . Liu has obtained abundant exact solutions of many nonlinear differential equations when F (u) is a polynomial or a rational function. In the present paper, we take F as a new irrational function form and propose a new trial equation. As application, we consider the RLW-Burgers equation

u_t + u_x + 12uu_{xx} − αu_{xx} − βu_{xxt} = 0 . (1)

RLW-Burgers equation (1) is a model equation for describing the propagation of surface water in a channel and it represents a balance relation among the dispersion, dissipation and nonlinearity. Eq. (1) has been researched in some papers [10 – 14]. We also consider the (2+1)-dimensional Burgers equation

(u_t + uu_x + αu_{xxx} − βu_{xx})_x + γu_{yy} = 0 , (2)

and obtain some of its exact solutions by the same method.

The rest of the paper is organized as follows. In Section 2, the new trial equation method is described in detail. In Section 3, the application to RLW-Burgers equation and the (2+1)-dimensional KdV-Burgers equation are given. The last section is a short summary.

2. New trial equation method

We consider the following nonlinear partial differential equation

N(u, u_t, u_{tt}, · · · , u_x, u_{xx}, · · · , u_{tx}, · · ·) = 0 . (3)

Under the traveling wave transformation

u = u(ξ), ξ = kx + ωt , (4)

Eq. (3) becomes the following ordinary differential equation,

P (u, u^′, u^{′′}, · · ·) = 0 , (5)

where the prime means the differentiation with respect to ξ. Sometimes, by integration, the order of Eq. (5) can be reduced. Now, our method can be described as follows.

Step 1. Take a trial equation

u^′ =

k_1∑

i=0 a_iu^i + (

k_2∑

i=0 b_iu^i) k^3∑ i=0 c_iu^i , (6)

where a_0, · · · , a_{k1} ,b_0, · · · , b_{k2} and c_0, · · · , c_{k3} are the constants to be determined. Using Eq. (6), we derive the following equation

u^{′′} = (

k_1∑

i=1 ia_iu^{i−1})(

k_1∑

i=0 a_iu^i) + (

k_2∑

i=0 b_iu^i)(

k_2∑

i=1 ib_iu^{i−1})(

k_3∑

i=0 c_iu^i)

+ 1 2 ( k_2∑

i=0 b_iu^i)^2(

k_3∑

i=1 ic_iu^{i−1}) + 1 2 ( k_1∑

i=0 a_iu^i)(

k_2∑

i=0 b_iu^i)(

k_3∑

i=1 ic_iu^{i−1})(

k_3∑

i=0 c_iu^i)^{− 12}

+ [ ( k_2∑

i=1 ib_iu^{i−1})(

k_1∑

i=0 a_iu^i) + (

k_1∑

i=1 ia_iu^{i−1})(

k_2∑

i=0 b_iu^i) ] ( k_3∑

i=0 c_iu^i) , (7)

and other derivation terms such as u^{′′′}, and so on.

Step 2. Substituting u^′,u^{′′} and other derivation terms into Eq. (5) yields following expression

G(u) + H(u) k^3∑ i=0 c_iu^i = 0 , (8)

where G(u) and H(u) are two polynomials of u. According to the balance principle, we can obtain the relation of k_1, k_2 and k_3 or their values.

Step 3. Taking concrete values of k_1, k_2 and k_3, and letting all coefficients of G(u) and H(u) to be zero yield a system of nonlinear algebraic equations. Solving the system of nonlinear algebraic equations, we obtain the values of a_0, · · · , a_{k1} ,b_0, · · · , b_{k2} and c_0, · · · , c_{k3} .

Step 4. Integrating Eq. (6) gives the solutions of u.

3. Application

Example 1. RLW-Burgers equation (1) Under the traveling wave transformation(4) and integration, the RLW-Burgers Eq. (1) becomes u^{′′} + Au^′ = Bu^2 − Cu + D , (9)

where D is an arbitrary constant. We denote A = α ωβ , B = 6 kβω and C = ω + k k^2βγ . Substituting Eq. (6) and Eq. (7) into Eq. (9) and using the balance principle, it follows that 2k_2 + k_3 − 1 = 2 and 2k_1 − 1 < 2. Then we obtain k_1 = k_2 = k_3 = 1 or k_1 = 0, k_2 = k_3 = 1.

If k_1 = k_2 = k_3 = 1, Eq. (6) becomes

u^′ = a_1u + a_0 + (b_1u + b_0) √ c_1u + c_0 , (10)

where a_i, b_i, c_i are the parameters to be determined, for i = 0, 1. Furthermore, from Eq. (10), we have

u^{′′} = { a_1 + b_1 √ c_1u + c_0 + c_1(b_1u + b_0) 2 √ c_1u + c_0 } {a_1u + a_0 + (b_1u + b_0) √ c_1u + c_0} . (11)

Substituting u^′ and u^{′′} into Eq. (9) yields

G(u) + H(u) √ c_1u + c_0 = 0 , (12)

where

G(u) = ( Ab_1c_1 + 5 2 a_1b_1c_1 ) u^2 + ( (A + 2a_1)b_1c_0 + Ab_0c_1 + 3 2 a_1b_0c_1 + 3 2 a_0b_1c_1 ) u + (A + a_1)b_0c_0 + a_0b_1c_0 + 1 2 a_0b_0c_1 , (13)

H(u) = ( 3 2 b^2_1c_1 − B ) u^2 + (2b_1c_1b_0 + b^2_1c_0 + a^2_1 + a_1A − C)u

+b_1b_0c_0 + 1 2 c_1b^2_0 + a_0a_1 + a_0A − D . (14)

In order to find the parameters, we let G(u) ≡ 0, H(u) ≡ 0, and hence we get a system of algebraic equations 3 2 b^2_1c_1 − B = 0 , (15)

2b_1c_1b_0 + b^2_1c_0 + a^2_1 + a_1A − C = 0 , (16)

b_1b_0c_0 + 1 2 c_1b^2_0 + a_0a_1 + a_0A − D = 0 , (17)

Ab_1c_1 + 5 2 a_1b_1c_1 = 0 , (18)

(A + 2a_1)b_1c_0 + Ab_0c_1 + 3 2 a_1b_0c_1 + 3 2 a_0b_1c_1 = 0 , (19)

(A + a_1)b_0c_0 + a_0b_1c_0 + 1 2 a_0b_0c_1 = 0 . (20)

By solving the above algebraic equations (15) – (20), we get

a_0 = − 12A 5B − AC 5B − 6A^3 250B

, a_1 = − 2A 5 , b_1 = −2,

b_0 = − C B − 6A^2 25B , c_1 = B 6 , c_0 = 1 + C 12 + A^2 100 , A = ±10 . (21)

With these parameters, the solutions of Eq. (10) give the solution to the RLW- Burgers equation (1),

u_1 = kα 10 { 4 exp(4(kx +^{10β}_α t − ξ_0)) (1 − exp(±2(kx +^{10β}_α t − ξ_0)))^2

− 2 − 1 12k^2β − 5 6kα } , (22) and u_2 = − kα 10 { 4 exp(4(kx −^{10β}_α t − ξ_0)) (1 + exp(±2(kx −^{10β}_α t − ξ_0)))^2

− 2 − 1 12k^2β + 5 6kα } , (23)

where k and ξ_0 are two arbitrary constants.

When k_1 = 0 and k_2 = k_3 = 1, the corresponding results of Eq. (1) are included as special cases in the solutions (22) and (23).

Example 2. (2+1)-dimensional KdV-Burgers equation (2)

With the traveling wave transformation

u = u(ξ), ξ = kx + ly + ωt , (24)

and integrating two times, Eq. (2) becomes

u^{′′} − β kα u^′ = − 1 2k^3α u^2 − ( ω 2k^3α + l^2γ k^4α ) u + D_1ξ + D , (25)

where D_1 and D are two arbitrary constants. We let D_1 = 0, and denote A = − β kα , B = − 1 2k^3α and C = − ω 2k^3α − l^2γ k^4α

. Then Eq. (25) beomes Eq. (9).

Using the same procedure as in the case of example 1, we obtain the exact solutions of the (2+1)-dimensional KdV-Burgers equation (2) as follows

u_1 =

3β^3 250α^2 { 4 exp(4(−^β_{10α} x + ly + ωt − ξ_0)) (1−exp(±2(−^β_{10α} x+ly+ωt − ξ_0)))^2

− 2+

125α^2ω 3β^3 − l^2γα^3 12β^4 } , (26) and u_2 =−

3β^3 250α^2 { 4 exp(4(^β_{10α} x + ly + ωt − ξ_0)) (1+exp(±2(^β_{10α} x+ly+ωt − ξ_0)))^2 −2− 125α^2ω 3β^3 − l^2γα^3 12β^4 } , (27)

where l, ω and ξ_0 are three arbitrary constants.

4. Conclusion

We propose a new trial-equation method. As application of the method, we give some exact traveling wave solutions of RLW-Burgers equation and (2+1)- dimensional KdV-Burgers equation. The solutions of RLW-Burgers equation in references [13 – 14] are included in ours. Furthermore, our method is simpler than theirs. The method can also be applied to other diffusion equations, such as BBM- Burgers equation, Fisher equation, and so on.

Acknowledgement

The project is supported by Scientific Research Fund of Education Department of Heilongjiang Province of China under Grant No. 11551020.

References

[1] M. J. Ablowitz and P. A. Clarkson, Solitons, Nonlinear Evolutions and Inverse Scattering, Cambridge University Press, Cambridge (1991).

[2] R. Hirota, Direct Method in Soliton Theory, In Solitons, eds. R. K. Bullough and P. J.

Caudrey, Topics in Current Physics, Springer-Verlag 17 (1980) 157.

[3] R. M. Miura, ed., Backlund Transformation, Lecture Notes in Mathematics 515, Springer-Verlag, NewYork (1976).

[4] E. G. Fan, Connections among Homogeneous Balance Method, Weiss-Tabor-Carnevale Method and Clarkson-Krskal Method, Acta Phys. Sinica 49 (8) (2000) 1409.

[5] C. S. Liu and X. H. Du, New exact solutions of coupled Klein-Gordon-Schrödinger equations, Acta Phys. Sinica 54 (3) (2005) 1039 (in Chinese).

[6] C. S. Liu, Trial Equation Method and its Applications to Nonlinear Evolution Equations, Acta Phys. Sinica 54 (2005) 2505 (in Chinese).

[7] C. S. Liu, Using Trial Equation Method to Solve the Exact Solutions for two Kinds of KdV Equations with Variable Coefficients, Acta Phys. Sinica 54 (10) (2005) 4506.

[8] C. S. Liu, Trial Equation Method for Nonlinear Evolution Equations with Rank Inhomogeneous: Mathematical Discussions and Applications, Comm. Theor. Phys. 45 (2) (2006) 219.

[9] C. S. Liu, A new Trial Equation Method and its Applications, Comm. Theor. Phys. 45 (3) (2006) 395.

[10] J. L. Bona, W. G. Pritchard and L. R. Scott, A model Equation for Water Waves, Phil. Trans. Roy. Soc. London, 302 (1981) 457.

[11] C. J. Amick, J. L. Bona and M. E. Schonbek, Decay of some Nonlinear Wave Equations, J. Diff. Eqs. 81 (1) (1989) 1.

[12] Zhang Weiguo and Wang Mingliang, A Class of Exact Traveling Wave Solutions and their Structure for the B-BBM Equation, Acta Math. Scientia 12 (3) (1992) 325.

[13] M. L. Wang, Exact Solutions for the RLM-Burgers Equation, Math. Application 8 (1) (1995) 51.

[14] J. Y. Tan, A class of Analytic Solutions for RLM-Burgers Equation, Math. in Practice and Theory 9 (5) (2001) 545.

NOVA METODA S PROBNOM JEDNADŽBOM ZA TOČNA RJEŠENJA NELINERNIH DIFERENCIJALNIH JEDNADŽBI ZA PUTUJUĆE VALOVE

Predlažemo novu metodu s probnom jednadžbom za rješavanje diferencijalnih jednadžbi. Tom metodom nalazimo neka točna rješenja RLW-Burgersove i (2+1)- dimenzijske KdV-Burgersove jednadžbe.