Printed ISSN 1330–0008 Online ISSN 1333–9125 CD ISSN 1333–8390 CODEN FIZAE4

GENERALIZED FRACTAL SPACE FROM ERDÉLYI-KOBER FRACTIONAL INTEGRAL

RAMI AHMAD EL-NABULSI

Department of Nuclear and Energy Engineering, Cheju National University, Ara-dong 1, Jeju 690-756, South Korea E-mail address: nabulsiahmadrami@yahoo.fr

Received 1 January 2008 Revised manuscript received 29 December 2010 Accepted 5 January 2011 Online 26 January 2011

It is argued that the distribution on fractal with fractional mass dimension and integer mass dimension can be described simultaneously by means of the Erdélyi- Kober fractional integral.

PACS numbers: 02.50.Ey, 45.10.Hj UDC 530.162

Keywords: Erdélyi-Kober fractional integral, fractal dimension

The fractional calculus is the field of applied mathematics which deals with the application of integrals and derivatives of arbitrary order [1 – 5]. It is an old topic since Leibniz (1695, 1697) and Euler (1730) ideas of generalizing the notion of derivative to non-integer order, in particular to the order 1/2. In recent years, considerable interest has been stimulated by many applications in different fields of sciences, ranging from the theory of analytic functions to statistical physics, quantum mechanics, astrophysics, control theory, and quantum field theory [6 – 38]. In fact, most of the mathematical theories applicable to the study of derivatives and integrals of noninteger order were developed prior to the turn of the 20th century, in particular, numerous applications and physical manifestations of fractional calculus have been found.

Although the fractional theory is very rich, it was considered for more than three centuries as a theoretical mathematical field with no physical interests. During the last decade, the pure mathematics has changed in some particular cases to meet the requirements of physical reality and objectives. However, the mathematical background surrounding fractional calculus is far from paradoxical. While the physical meaning is difficult to grasp, the fractional operators themselves are no more rigorous than those of their integer order counterparts. Today there exist many different approaches to the fractional calculus, not all being equivalent, ranging from divideddifference types to infinite-sum types, including the Grunwald-Letnikov fractional derivative, the Caputo fractional derivative, the Erdélyi-Kober fractional derivative, and so on. That is the concept of differ-integral of complex order can be introduced in several ways. Among mathematicians, the most widely used definition of an integral of fractional integral is via an integral transform, known as the Riemann-Liouville fractional integral (RLFI) and is defined as follows

aI^α_x f(x) = 1 Γ(α) x∫ a (x − X)^{α−1}f(X) dX, for ℜe(α) > 0 ,

= d^n dx^{n a}

I^{α+n}_x f(x), for − n < ℜe(α) ≤ 0 . (1)

An operator of fractional integration generalizing the RLFI through association of power weight was introduced by Erdélyi and Kober (1940), Kober (1940), Erdélyi (1951) as follows [39],

aI^{η,α}_x f(x) = x^{−η−α} Γ(α) x∫ a (x − X)^{α−1}X^ηf(X) dX, for ℜe(α) > 0 ,

= x^{−η−α} d^n dx^n x^{η+α+n}_aI^{η,α+n}_x f(x), for − n < ℜe(α) ≤ 0 , (2)

where f(X) ∈ L_p(0, ∞). Despite the fact that the Erdélyi-Kober fractional differentiation operator is a very general object containing many operators of fractional calculus as its particular cases, a number of different modifications of them have been studied by many authors [40 – 45]. All known operational analysis for this kind of operators were constructed for some particular cases of the composition of the left-hand sided (or right-hand sided) Erdélyi-Kober operators. A generalization of the left- and right-hand sided Erdélyi-Kober fractional differentiation operators are defined as follows.

Given a function f ∈ L_p(0, ∞), the generalized left- and right-hand sided Erdélyi-Kober fractional integration operators (EKFI) are defined in our framework by:

I^{η,α}f(X) =

2X^{−2(η+α)}

Γ(α) X∫ 0 (X^2 − x^2)^{α−1}x^{2η+1}f(x)dx , (3)

J^{η,α}f(X) =

2X^{2η} Γ(α) ∞∫ X (x^2 − X^2)^{α−1}x^{−2(η+α)+1}f(x)dx . (4)

if ℜe(α) ≥ 0 and ℜe(η) > −1/2. These fractional integrals have been used by several authors, in particular, to get solutions of the single, dual and triple integral equations possessing particular functions of mathematical physics as their kernels. It was recently pointed using the dimensional regularizations technique that the interpretation of Riemann-Liouville fractional integration is connected with fractional dimension. In this framework, the fractal-like mass in a box of size X in a region W = [x : |x| ≤ X] obeys a power-law relation M(X) ∝ X^D where D is the mass dimension of the medium [46]. As the definition (3) is a very general form, the main focus in this work is to demonstrate how the EKFI can be used to obtain a better generalized form for M(X). We can realize this objective by the fractional generalization of the equation

M(X) = X∫ 0 ρ(x)dx , (5)

in the line 0 < x < X, where ρ(x) ∈ L_1(R^1).

We define the EKFI of Eq. (5) by

M^{η,α}(X) =

2X^{−2(η+α)}

Γ(α) X∫ 0 (X^2 − x^2)^{α−1}x^{2η+1}ρ(x)dx . (6)

For the case of a fractional continuous medium model with density distribution ρ(x) = ρ_0x^{2r}, r ∈ R, ρ_0 = constant, Eq. (6) gives

M^{η,α}(X) = ρ_0

Γ(η + 1 + r) Γ(α + η + 1 + r)

X^{2r}. (7)

It follows that D = 2r, i.e. the fractal mass dimension depends on the exponent of the density distribution. Amazingly, for a constant density distribution, i.e. r = 0, M^{η,α}(X) is independent of X and hence we argue that the EKFI does not hold for fractional continuous models with constant energy densities. For r = 3/2, we obtain straightforwardly

M^{η,α}(X) = ρ_0

Γ(η + 5/2) Γ(α + η + 5/2)

X^3. (8)

Another interesting example concerns the case where ρ(x) = ρ_0x^{−2r}(X + x)^{1−α}. We find straightforwardly

M^{η,α}(X) =

2ρ_0X^{−2(η+α)} Γ X∫ 0 (X − x)^{α−1}X^{2η+1−2r}dx (9)

= 2ρ_0

Γ(2η + 2 − 2r) Γ(2η + 2 − 2r + α)

X^{1−2r−α}, ℜe(2η + 1 − 2r) > 0, ℜe(α) > 0. (10)

One more interesting example concerns the case where ρ(x) = ρ_0(X^2 − x^2)^{1−α}. Consequently, we find straightforwardly

M^{η,α}(X) = ρ_0 (η + 1)Γ(α)

X^{2(1−α)}. (11)

A further illustration concerns the case where ρ(x) = ρ_0x^{−(1+2η)}(X + x)^{1−α} log x. Accordingly, we get

M^{η,α}(X) =

2ρ_0X^{−2(η+α)}

Γ(α) X∫ 0 (X − x)^{α−1} log x dx (12)

= 2ρ_0X^{−2(η+α)} Γ(α) { X^α log X 1∫ 0 Y^{α−1}dY +X^α 1∫ 0 Y^{α−1} log(1−Y )dY } , x = X(1−Y ) .

(13) After integrating by parts and making use of the fact that [47] 1∫ 0 Y^m − Y^n 1 − Y dY = Ψ(n + 1) − Ψ(m + 1), ℜe(m), ℜe(n) > −1 , (14)

where Ψ(n) ≜ 1 Γ(n) d dn Γ(n) (15)

is the psi function obeying the recursion relation

Ψ(n + 1) − Ψ(n) = 1 n , (16)

with Ψ(1) = −0.5772157 . . . ≡ γ (the Euler number), we find:

M^{η,α}(X) =

2ρ_0X^{−2η−α} Γ(α + 1)

{log X − Ψ(α + 1) + Ψ(1)} . (17)

For the case ρ(x) = ρ_0x^{−1−2η}[1 + (X + x)^{1−α} log x], we obtain

M^{η,α}(X) =

2ρ_0X^{−2(η+α)} Γ(α) X∫ 0 (X^2 − x^2)^{α−1}{1 + (X + x)^{1−α} log x}dx (18)

= 2ρ_0X^{−2(η+α)} Γ(α) X∫ 0 (X^2 − x^2)^{α−1}dx + X∫ 0 (X − x)^{α−1} log x dx

(19) el-nabulsi: generalized fractal space from erdélyi-kober fractional . . .

=2ρ_0X^{−2(η+1)} [ √ π 2Γ(α+1/2) + 1 Γ(α+1)

X^{1−2α}{log X −Ψ(α+1)+Ψ(1)} ] . (20)

For α = −η, i.e. ρ(x) = ρ_0x^{−1+2α}[1 + (X + x)^{1−α} log x], Eq. (20) gives

M^{η,α}(X)=

2ρ_0 Γ(α+1)

{Ψ(1)−Ψ(α+1)}+ρ_0 √ π Γ(α+1/2)

X^{2α−1} +

2ρ_0 Γ(α+1) log X. (21)

Last term in Eq. (21) is the logarithmic correction.

These illustrations may be helpful to understand many aspects of dark matter halo of disc galaxies and rotation curve of a dark matter filament [48] as well as many black holes logarithmic corrections without passing through the details of quantum gravity [49, 50].

The three-dimensional fractional generalization of the equation

M_3(X) = ∫ ∫ W ∫ ρ(x) d^3x (22)

is derived as follows: we define the generalized EKFI of Eq. (5) for ρ(x) = ρ_0x^{2r} by

M^{η,α}(X)=

2^3

∏_3 i=1 X^{−2(ηi+αi)} i ∏_3

i=1 Γ(α_i) ∫ ∫ W ∫ { 3∏ i=1 ( X^2_i − x^2_i

)_{αi−1} x^{2ηi+1} i } ρ(x) d^3x (23)

= ρ_0

2^3

∏_3 i=1 X^{−2(ηi+αi)} i ∏_3 i=1 Γ(α_i)

X_3∫

0

X_2∫

0

X_1∫

0 (X^2_3 − x^2_3)^{α3−1}(X^2_2 − x^2)^{α2−1}(X^2_1 − x^2_1)^{α1−1}

×{x^{2η3+1+2r1}

3 x^{2η2+1+2r2}

2 x^{2η1+1+2r3}

1 dx_3dx_2dx_1} (24)

= 2^3ρ_0

∏_3

i=1 Γ(η_i + 1 + r_i) ∏_3

i=1 Γ(α_i + η_i + 1 + r_i) 3∏ i=1 X^{2ri}_i . (25)

If for instance, X_1 = X_2 = X_3 = X, α_1 = α_2 = α_3 = α and η_1 = η_2 = η_3 = η, then

M^{η,α}(X) = 2^3

Γ(η + 1 + r) Γ(α + η + 1 + r)

. (26)

In summary, we have then a generalization of the standard case. These results could not be found using the Riemann-Liouville fractional integral and could be practical to understand many aspects in astrophysics. It is noteworthy that to better quantify the self-similar structure in astrophysics, a number of works have revealed that the interstellar clouds obey certain power-law relations between size and mass [51]. These scaling relations are observed whatever the tracer, and the size-mass relation that follows is M ∝ R^D with D the Hausdorff fractal dimension between 1.6 and 2. Recently, Heithausen et al. [52] extended the size-line-width and size-mass relations down to Jupiter masses; their mass-size relation is M ∝ R^{2.31}, much steeper than earlier studies, but the evaluation of masses at small scales is moderately doubtful [52, 53]. It appears also that the self-similarity of structures is broken in regions of star formation. We conclude that the benefit of using EKFI is clear and besides that the notion of Erdélyi-Kober fractional integral may be connected with both fractional and integer dimensions simultaneously. Further consequences are under progress, in particular the Erdélyi-Kober fractional measure aspects.

Acknowledgements

I would like to thank the anonymous referees for their useful comments, critics and valuable suggestions.

References

[1] K. B. Oldham and J. Spanier, The Fractional Calculus, Acad. Press, New York, London (1974).

[2] S. Samko, A. Kilbas and O. Marichev, Fractional Integrals and Derivatives: Theory and Applications, Gordon and Breach, New York (1993).

[3] K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Fractional Differential Equations, John Wiley & Sons Inc., New York (1993).

[4] I. Podlubny, An Introduction to Fractional Derivatives, Fractional Differential Equations, to Methods of their Solution and some of their Applications, Academic Press, New York, London (1999).

[5] R. Hilfer, Editor, Applications of Fractional Calculus in Physics, World Scientific Publishing Co., New Jersey, London, Hong Kong (2000).

[6] R. A. El-Nabulsi, Fractals 18, 2 (2010) 1. [7] R. A. El-Nabulsi, Comm. Theor. Phys. 54, 1 (2010) 16. [8] R. A. El-Nabulsi, Int. J. Mod. Phys. B 23, 16 (2009) 3349. [9] R. A. El-Nabulsi, Mod. Phys. Lett. B 23, 28 (2009) 3369. [10] R. A. El-Nabulsi, Int. J. Geom. Meth. Mod. Phys. 6, 6 (2009) 841. [11] R. A. El-Nabulsi, Chaos, Solitons and Fractals 41, 5 (2009) 2262. [12] E. Goldfain, Chaos, Solitons and Fractals 22 (2004) 513. [13] G. S. F. Frederico and D. F. M. Torres, Int. J. Ecol. Econ. Stat. 9 (2007) 74. [14] G. S. F. Frederico and D. F. M. Torres, Int. J. Appl. Math. 19, 1 (2005) 97. [15] G. S. F. Frederico and D. F. M. Torres, Appl. Anal. 86, 9 (2007) 1117. [16] G. S. F. Frederico and D. F. M. Torres, J. Math. Anal. Appl. 334, 2 (2007) 834. [17] G. S. F. Frederico and D. F. M. Torres, Int. Math. Forum 3, 9 – 12 (2008) 479.

[18] G. S. F. Frederico and D. F. M. Torres, Nonlinear Dynam. 53, 3 (2008) 215. [19] R. A. El-Nabulsi, Int. J. Appl. Math. & Statistics 5 S06 (2006) 50. [20] R. A. El-Nabulsi, Fizika B 17, 3 (2008) 369. [21] R. A. El-Nabulsi, Fizika A 16, 3 (2007) 137.

[22] R. A. El-Nabulsi and H. J. Lee, Int. J. Appl. Math. 18, 3 (2005) 355. [23] R. A. El-Nabulsi, EJTP4 15 (2007) 157. [24] R. A. El-Nabulsi, EJTP4 13 (2007) 157. [25] R. A. El-Nabulsi, Rom. Rep. Phys. 59, 3 (2007) 763. [26] R. Herrmann, J. Phys. G 34 (2007) 607. [27] R. Herrmann, Phys. Lett. A 372 (2008) 5515. [28] R. Herrmann, Physica A 389 (2010) 693. [29] V. E. Tarasov, Phys. Lett. A 372, 17 (2008) 2984. [30] V. E. Tarasov, Chaos 15, 2 (2005) 023102. [31] V. E. Tarasov, J. Math. Phys. 49 (2008) 102112. [32] F. Riewe, Phys. Rev. E 53 (1996) 1890. [33] O. P. Agrawal, J. Math. Anal. Appl. 272 (2002) 368. [34] M. Klimek, Czech. J. Phys. 51 (2001) 1348. [35] R. A. El-Nabulsi, C. Eur. J. Phys. 9, 1 (2010) 250.

[36] D. Baleanu and O. G. Mustafa, Comp. Math. Appl. 59, 5 (2010) 1835. [37] D. Baleanu and J. I. Trujillo, Comm. Nonlin. Sci. Num. Simul. 15, 5 (2010) 1111. [38] D. Baleanu, O. Defterli and O. P. Agrawal, J. Vibration and Contr. 15, 4 (2009) 583. [39] H. Kober, Quart. J. Math. Oxford, Ser. 11 (1940) 193. [40] Y. Luchko, Frac. Cal. Appl. Anal. 9, 3 (2004) 1.

[41] Y. Luchko and J. J. Trujillo, Frac. Calc. Appl. Anal. 10, 3 (2007) 249. [42] R. K. Saxena and R. K. Kumbhat, Vijnana Parishad Anusandhan Patrika 16 (1973) 31. [43] R. A. El-Nabulsi, Int. J. Mod. Phys. B 23, 16 (2009) 3349.

[44] I. N. Sneddon, The use in mathematical analysis of Erdélyi-Kober operators and some of their applications, in Fractional Calculus and Its Applications, Proc. Int. Conf. Held in New Haven, Lecture Notes in Math. 457, Springer, New York (1975) pp. 37-79.

[45] B. Al-Saqabi and V. S. Kiryakova, Appl. Math. Comp. 95, 1 (1998) 1. [46] V. E. Tarasov, Ann. Phys. 318 (2005) 286.

[47] P. L. Butzer and U. Westphal, An Introduction to Fractional Calculus, Chapter 1, www.worldscibooks.com/etextbook/3779/3779 chap01.pdf.

[48] B. A. Slovick, arXiv: 1009.1113.

[49] V. Panković, S. Ciganović and J. Ivanović, arXiv: 0810.0916. [50] D. V. Fursaev, Phys. Part. Nucl. 36 (2005) 81.

[51] P. M. Solomon, A. R. Rivolo, J. W. Barrett and A. Yahil, ApJ 319 (1987) 730. [52] A. Heithausen, F. Bensch, J. Stutzki, E. Fakgarone and J. F. Panis, A&A 331 (1998) L65.

[53] F. Combes and D. Pfenniger, A&A 327 (1987) 453.

POOPĆEN RAZLOMNI PROSTOR IZ ERDÉLYI-KOBEROVOG RAZLOMNOG INTEGRALA

Raspravljamo kako se raspodjela razlomnika s razlomnom i cjelobrojnom dimenzijom mase mogu istodobno opisati pomoću Erdélyi-Koberovog razlomnog integrala.