Printed ISSN 1330–0008 Online ISSN 1333–9125 CD ISSN 1333–8390 CODEN FIZAE4

GEOMETRY OF MANIFOLDS ON LIE ENDOMORPHISM SPACE AND THEIR DUALS UNDER FRACTIONAL ACTION-LIKE VARIATIONAL APPROACH

RAMI AHMAD EL-NABULSI

Department of Nuclear Engineering, Cheju National University, Ara-Dong 1, Jeju 690-756, South Korea E-mail address: nabulsiahmadrami@yahoo.fr

Received 3 June 2007; Accepted 5 December 2007 Online 8 February 2008

Some interesting fractional features of the geometry of manifolds on Lie endomorphism space and their duals are discussed within the framework of fractional action-like variational approach (fractionally differentiated Lagrangian function) formulated recently by the author.

PACS numbers: 02.30.Xx, 45.10.Hj, 45.20.Jj UDC 531.314, 532.511 AMS Subject Classification: 49K05, 49S05, 70H33, 26A33

Keywords: fractional action-like variational approach, symmetry, constants of motion, Euler-Poincaré equations, Lie Algebra and their duals, Kelvin-Noether theorem

1. Introduction

The purpose of this paper is to develop the fractional Euler-Poincaré systems on Lie algebras and their duals within the framework of fractionally differentiated Lagrangian function (or fractional action-like variational approach). The fractional mechanisms described through this work include some interesting features concerning weak dissipative or nonconservative dynamical systems and turbulent geophysical flows. The paper is organized as follows: after the Introduction, we review briefly the classical variational approach which fails to describe correctly weak dissipative and nonconservative dynamical systems; Sec. 3 is devoted to illustrate the importance of fractional calculus and its successful role in describing nonconservative systems; in Sec. 4, we introduce the reader to the fractional action-like variational approach concept where we review some of its important features and characteristics in particular the violation of Noether’s symmetry theorems. The fractional Euler-Poincaré equations on Lie endomorphism space and their duals, which arise through a reduction of the fractional variational principle, are developed in Sec. 5, and some consequences are treated including the Kelvin-Noether’s theorem, illustrated by a simple ideal plasma fluid flow example. In the last section, the fractional reduced Euler-Poincaré and fractional Hamel fractional equations on Lie algebras are developed. Finally, some discussion and outlook are presented in Sec. 7.

2. The classical variational approach

Historically, in the brachistochrone problem, the variational technique was used to find the path of quickest descent for a bead sliding along a wire under the action of gravity. The behavior of light and particles in a uniform medium (geodesics, geometry, etc.) was also discussed by Fermat within the concept of Fermat’s principle of least time. After that comes the Maupertuis-Jacobi’s principle of least action making use of the length variable s as the orbit parameter to describe particle motion, and finally the celebrated Hamilton’s principle from which equations of motion of any dynamical systems are derived in terms of generalized spatial coordinates [1 – 4]. The Lagrangian method was introduced in as a powerful alternative tool to the wellknown Newtonian method for deriving equations of motion for complex mechanical systems. After that, a complementary approach to the Lagrangian method, known as the Hamiltonian method was introduced by Hamilton. In classical conservative Hamiltonian systems, the evolution of a classical physical system is usually described by a function q (τ) , where “q” is a generalized coordinate and “τ” is assumed here to be the intrinsic time. The trajectory q (τ) is in fact determined by assuming that the action functional S [q (τ)] = ∫ L (τ, q (τ) , q̇ (τ) , q̈ (τ) , ...) dτ, t_1 ≤ τ ≤ t_2 is extremized. t_1 and t_2 are two fixed moments of time such as q (t_1) = q_1 and q (t_2) = q_2 and the function L is the Lagrangian of the dynamical systems. The requirement that the function q (τ) extremizes the action for L (τ, q (τ) , q̇ (τ)) leads to a differential equation for q (τ). If the function q (τ) is an extremum of the action functional, than a small perturbation, say δq (τ) will change the value of the action by terms which are quadratic in δq (τ). That is, the variation δS [q, δq] should have no first-order terms in δq (τ). Thus with the boundary conditions δq (t_1; t_2) = 0 (the variation δq is assumed to vanish at the integration boundaries) we obtain the celebrated Euler-Lagrange equations ∂L/∂q−d/dτ (∂L/∂q̇) = 0. This is the classical equation of motion for any dynamical system having the Lagrangian L (τ, q (τ) , q̇ (τ)). In fact, the coordinates q are based on a certain configuration manifold Q and the Lagrangian is then the function L : T Q → R defined on the tangent bundle T Q of Q with canonical projection Γ_Q : T Q → Q. Here T Q is the velocity space with bundle coordinates (q, q̇). The Hamiltonian formalism is based on the Legendre transform of the Lagrangian L (τ, q (τ) , q̇ (τ)) with respect to the velocity q̇ (τ). The time and position generalized coordinates do not participate in the Legendre transformation and they are kept as parameters. The momentum is defined as p = ∂L/∂q̇, that is q̇ = v (p; q, τ) (v is the velocity), and the Hamiltonian function is defined by the following function H (p, q, τ) = ∑ pv (p; q, τ) − L (q, v (p; q, τ) , τ).

The resulting Hamilton equations of motion are ṗ = −∂H/∂q and q̇ = ∂H/∂p. An important consequence of classical conservative dynamical systems is Noether’s theorem which states that for any symmetry of the Lagrangian, there corresponds a conservation law (and vice versa). In other words, when a system exhibits symmetry, then a constant of motion can be obtained. One of the most important consequences and well-known illustrations of this deep and important relation, is given by the conservation of energy in mechanics: the autonomous Lagrangian L (τ, q (τ) , q̇ (τ)), correspondent to a mechanical system of conservative points, is invariant under time-translations (time-homogeneity symmetry), and as a result L(τ, q(τ), q̇(τ)) − q̇∂L(τ, q(τ), q̇(τ))/∂q̇ ≡ constant follows directly from the Noether’s theorem. This is to say that the total energy of a conservative system always remains constant in time. In other words, it cannot be created or destroyed, but only transferred from one form into another. That is, when the Lagrangian is invariant under a time translation, a space translation, or a spatial rotation, the conservation law involves energy, linear momentum, or angular momentum, respectively. One can mathematically prove that the Noether’s conservation laws are still working if, for example, an extra desired term involving the nonconservative forces is added to the standard constants of motion. The last equation is in fact valid along all Euler-Lagrange extremals q of an autonomous problem of the calculus of variations. The constant of motion is known in the standard calculus of variations as the second Erdmann necessary condition. It gains different interpretations in concrete applications: conservation of energy in classical and quantum mechanics, income-wealth law in economics, first law of thermodynamics and cosmology, etc. Nonconservative forces remove energy from the dynamical systems and, consequently, the constant of motion is broken. Unfortunately, for decaying, weak dissipative or nonconservatives dynamical systems, the above standard requirements and equations do not hold and didn’t succeed to describe correctly the decaying behaviour. Other approaches are required.

3. Importance of the fractional calculus

Fractional calculus plays an important and leading role in the understanding of complex classical and quantum (conservative and nonconservative) dynamical systems with holonomic as well as with nonholonomic constraints [5 – 48]. Its origin goes back more than three centuries, when in 1695 L’Hospital asked Leibniz the mathematical meaning of ( √ d/dy) x. After that, many famous mathematicians (J. Fourier, N. H. Abel, J. Liouville, B. Riemann, etc.) contributed strongly to the fractional analysis program, e.g. fractional derivatives and integrals. Although the fractional theory is very rich, it was considered for more than three centuries as a theoretical mathematical field with no physical interests. In the last few decades, fractional theory was proved to be very useful and important in various fields of science including classical and quantum physics, field theory, solid state physics, fluid dynamics, turbulence, chemistry in general, nonlinear biology, stochastic analysis, nonlinear control theory, image processing, etc. While various fields of application of fractional derivatives and integrals are already well developed, some others have just started, in particular the study of fractional problems of the calculus of variations (COV) and respective Euler-Lagrange type equations are a subject of current strong research and investigations. In 1996 – 97, F. Riewe used the COV with fractional derivatives and consequently obtained a version of the Euler-Lagrange equations (ELE) with fractional derivatives that combines the conservative and non-conservative cases [36]. In 2001 – 2002, another approach was developed by M. Klimek by considering fractional problems of the COV, but with symmetric fractional derivatives, and corresponding ELE’s were obtained using both Lagrangian and Hamiltonian formalisms [38]. In 2002, O. Agrawal extended Klimek problem and proved a formulation for variational problems with right and left fractional derivatives in the Riemann-Liouville sense [39]. In 2004 the ELE’s of Agrawal were used by D. Baleanu and T. Avkar to investigate problems with Lagrangians which are linear on the velocities [32]. In all above mentioned studies, ELE’s depend on left and right fractional derivatives, even when the problem depend only on one type of them. In 2005, M. Klimek studied problems depending on symmetric derivatives for which ELE’s include only the derivatives that appear in the formulation of the problem [33]. Fractional derivatives are used in all these approaches and, consequently, complicated mathematically the description of any dissipative or weak decaying dynamical systems. Remember that dissipative forces can be modelised in many different varieties of ways. Methodologically, dissipative Newtonian systems are nothing than complement to conservative systems, since not only energy, but also other physical quantities, such as linear and angular momentum, are not conserved. If, for instance, one considers an unconstrained Newtonian system with self-adjoint forces, then the Lagrangian exists if the fundamental analytic theorem for configurations space formulations is verified. A Lagrangian for its direct representation does not exist if the system is represented more realistically by adding, for example, a drag force linear in the velocity. In this way, the system tends to a non-self-adjoint situation. The problem of the existence of a typical Lagrangian depends in fact of whether it is self-adjoint or not and one refers to the transformation theory or the Lie algebra structure to study the required problem.

4. Fractional action-like variational approach (FALVA)

In a recent work, we developed a novel approach known as the fractional actionlike variational approach (FALVA) or fractionally differentiated Lagrangian function (FDLF) to model and describe nonconservative Lagrangian dynamical systems within the framework of fractional differential calculus [49 – 59]. In our proposed method, fractional time integral introduces only one parameter “α” while in other models an arbitrary number of fractional parameters (orders of derivatives) appears. The FALVA is based on the following concept:

Definition 1. Consider a smooth manifold M (configuration space) and let L : R × T M → R be the smooth Lagrangian function (smooth map). For any piecewise smooth path q : [t_0, t_1] → M, we define the fractional action or fractionally differentiated Lagrangian function (FDLF) by

S_L [q]= 1 Γ(α) t∫ t_0

L(q̇(τ), q(τ), τ)(t−τ)^{α−1}dτ = t∫ t_0=0

L(q̇(τ), q(τ), τ)dg_t(τ) , (1)

where L(q̇, q, τ) is the Lagrangian weighted with (t−τ)^{α−1}/Γ_α and Γ(1+α)g_t(τ) = t^α − (t − τ)^α with the scaling properties g_{μt}(μτ) = μ^αg_t(τ), μ > 0. In reality, we consider a smooth action integral (a time smeared measure dg_t(τ) on the time interval [0, t] ∈ R^+) which can be rewritten as the strictly singular Riemann-Liouville type fractional derivative Lagrangian

S_{β∈(0,1)}[q] = D^{−1+β}_t L(q̇(t), q(t), t)

= t∫ 0 L (q̇ (t) , q (t) , t) dτ (t − τ)^β β→0 → t∫ 0 L (q̇ (t) , q (t) , t) dτ ,

and thereby retrieve the standard action integral or functional integral. In this work, we have β = 1 − α, α ∈ (0, 1). Such type of functionals is known in mathematical economy, describing, for instance, so called “discounting” economical dynamics. The true fractional derivatives are also often, nowadays, used for describing so called “dissipative structures” appearing in nonlinear dynamical systems, etc.

Theorem 1. Let L : R × T M → R be a Lagrangian and x = x(τ, ξ) be the coordinate point of the generalized q(τ, ξ). Set L = L(x, y) evaluated at y = dx/dτ = ẋ, where dot denotes time derivative with respect to τ, x = (x^i) is a coordinate system on M and y^i = dx^i are functions on tangent vectors. Then the initial curves x = x(τ) satisfy the fractional Euler-Lagrange equations (FEL)

E_i(L) ≡ ∂L ∂x^i − d dτ ( ∂L ∂y^i ) = 1 − α t − τ ∂L ∂y^i ≡ ∂R ∂y^i

≡ F_yi_{,α} , (2)

where R(y^i) ≡ (1−α)L(y^i)/(t−τ) is identified as the Rayleigh dissipation function.

In fact, given M and L, there is a unique function E_L : T M → R and a unique 1 − form α_L on T M, such that in local coordinates, (q_i, q̇_i), we have E(L) = ∑ i q̇_i∂L/∂q̇_i − L and α = (∂L/∂q̇_i)dq_i. More generally, let L(q^i, p^j_k) be a function on C^∞ defined on R^N × R^{Np}. What we are looking for is the extremum of the FDLF on a certain domain function D with boundary ∂D [4]

A_α(Λ) = t∫ t_0=0

L(Λ^i(u(τ)), Λ^j_{uk} (u(τ)))dg_u1_{(τ)} ∧ ... ∧ dg_up_{(τ)} , (3)

where Λ^j_{uk} ≡ ∂Λ^j /∂u^k and Λ ∈ C^∞ : R^p → R^N with generally dg_t(τ) = (t − τ)^{α−1}dτ/Γ(α). Consider now the elementary variations Λ_s = Λ + εξ̂ of Λ where ξ̂ : D → R3 vanishes at the boundary ∂D with ε ≪ 1. The fractional directional derivative of A_α may be written as

DA_α(Λ) · ξ = t∫ t_0=0 ( ∂L ∂q^i ξ^i + ∂L ∂p^j_k ξ^j_{uk} ) dg_u1_{(τ)} ∧ ... ∧ dg_up_{(τ)} . (4)

Making use of the fractional Stokes formula ∫ D ∂ω = ∫ ∂D ω with

ω = p∑ k= (−1)^{k+1} ( ∂L ∂Λ^j_{uk} ) dg_u1_{(τ)} ∧ ... ∧ dg_up_{(τ)} , (5)

one finds easily

DA_α(Λ) · ξ = 1 Γ(α) t∫ t_0=0 {( ∂L ∂q^i − ∂ ∂u^k ( ∂L ∂p^i_k ) − 1 − α t − τ ∂L ∂p^i_k )} ξ̂^idu^1(τ) ∧ ... ∧ du^p(τ) (6) The critical points are then solutions of the fractional Euler-Lagrange equations (2) with 1 ≤ i ≤ N.

Lemma 1. If ( q^i, q̇^i ) are holonomic local coordinates on TM such that γ(τ) = ( q^i (τ) ) and γ̇ (τ) = ( q̇^i (τ) ) , then γ is a solution of the fractional systems of nonlinear ordinary differential equations in one of the following forms: ∂L ∂q^k ( q̇^j ; q^j , τ ) − d dτ ( ∂L ∂q̇^k ) ( q̇^j ; q^j , τ ) = 1 − α t − τ ∂L ∂q̇^k ( q̇^j ; q^j , τ ) , (7)

∂^2L ∂q̇^k∂q̇^l q̈^l ( q̇^j ; q^j , τ ) + ∂^2L ∂q̇^k∂q^l q̇^l ( q̇^j ; q^j , τ ) − ∂L ∂q^k ( q̇^j ; q^j , τ ) + α − 1 τ − t ∂L ∂q̇^k ( q̇^j ; q^j , τ ) = 0 , (8) where k = 1, ..., n = dim M. Dot denotes time derivative with respect to τ.

Definition 2: A path q : [t_0, t_1] → M satisfying Eq. (2) is said to be a fractional extremal of the Lagrangian L.

Definition 3: The fractionally differentiated Lagrangian function (1) is said to be quasi-invariant under the infinitesimal ε̃-parameter transformations [59] :

τ̄ = τ + ε̃κ(τ, q) + O ( ε̃^2 ) , (9)

q̄(τ̄) = q(τ) + ε̃ω(τ, q) + O ( ε̃^2 ) , (10)

up to a gauge term Λ if, and only if L ( τ̄, q̄^k(τ̄), q̄^{′k}(τ̄) ) (t − τ̄)^{α−1} dτ̄ dτ

= L ( τ, q^k(τ), q̇^k(τ) ) (t − τ)^{α−1} + ε̃(t − τ)^{α−1} dΛ dτ ( τ, q^k(τ), q̇^k(τ) ) + O ( ε̃^2 ) . Theorem 2: If the FDLF represented by equation (1) is invariant up to a gauge

term Λ, and if L ( τ, q^k(τ), q̇^k(τ) ) = − ( ∂L ( τ, q^k(τ), q̇^k(τ) ) /q̇ ) · (ω − q̇κ) ,

then ∂L ( τ, q^k(τ), q̇^k(τ) ) ∂q̇^k · ω ( τ, q^k )

+ [ L ( τ, q^k(τ), q̇^k(τ) ) − ∂L ( τ, q^k(τ), q̇^k(τ) ) ∂q̇^k

· q̇^k ] κ ( τ, q^k ) − Λ ( τ, q^k(τ), q̇^k(τ) )

is a constant of motion.

In fact, the conservation of momentum, when the Lagrangian is not a function

of the generalized coordinates q^k, or conservation of energy when the Lagrangian

has no explicit dependence on time τ, are no more true for a fractional order of

integration α /= 1. When the Lagrangian is not a function of q^k, the constant of

motion takes the form ∂L ( τ, q^k(τ), q̇^k(τ) ) ∂q̇^k

+ (1 − α) ∫ ∂L ( τ, q^k(τ), q̇^k(τ) ) ∂q̇^k 1 t − τ dτ .

For α = 1, ∂L ( τ, q^k(τ), q̇^k(τ) ) /∂q̇^k is constant and L is conserved.

Theorem 3: Let γ(τ) be an extremal of a time-independent Lagrangian

L = L ( τ, q^k(τ), q̇^k(τ) ) . Then, if the Hamiltonian H ( τ, q^k(τ), q̇^k(τ) ) = p_kq̇^k − L ( τ, q^k(τ), q̇^k(τ) ) of the system does not have any explicit dependence on time,

and if we drop terms higher than q̇^k, then the Hamiltonian is not conserved

(H : T^∗M → R).

Proof: Let T ≡ t − τ be a time-change of the variable. Using the facts ∂L ( τ, q^k(τ), q̇^k(τ) ) /∂τ = 0 and dL ( τ, q^k(τ), q̇^k(τ) ) dτ = ∂L ( τ, q^k(τ), q̇^k(τ) ) ∂τ + ∑ k q̇^k ( ∂L ( τ, q^k(τ), q̇^k(τ) ) ∂q^k ) , we obtain: dH ( τ, q^k(τ), q̇^k(τ) ) dT ≡ d dT { ∑ k q̇^k ∂L ( τ, q^k(τ), q̇^k(τ) ) ∂q̇^k − L ( τ, q^k(τ), q̇^k(τ) ) } el-nabulsi : geometry of manifolds on lie endomorphism space and . . .

= ∑ k q̇^k ( 1 − α T ) ∂L ( τ, q^k (τ) , q̇^k (τ) ) ∂q̇^k = 1 − α T ∑ k p_kq̇_k . ■

When α = 1, the energy is conserved.

Corollary 1: The equations of motion are reduced to the pair of fractional canonical Hamilton’s equations:

ṗ^k = − ∂H ∂q^k − 1 − α t − τ p^k , (11)

q̇^k = ∂H ∂p^k

. (12)

Definition 4: The fractional Newton’s second law is defined as

mq̈^k = − ∂U ∂q^k

+ A(T )mq̇^k , (13)

where for simplicity A(T ) ≡ (1 − α)/T , and U represents the classical potential.

Eq. (13) can be written also in the following form

q̈^k + α − 1 T q̇^k ≡ 1 T^{α−1} d dT ( T^{α−1}q̇^k ) = − 1 m ∂U ∂q^k

. (14)

In other words, consider the Lagrangian L = 1/2 |q̇|^2 − U(q), U(q) being the potential energy. The fractional ENEL equations become m (q̈ + ((α − 1)/(τ − t)) q̇) = −∇U(q) which are the modified Newton’s equation of motion of a particle of mass m in the force field −∇U generated by the potential U.

Corollary 2: For a Hamiltonian system with H = H ( p^k, q^k ) on a typical 2n-dimensional symplectic manifold (M, Ξ) with the symplectic structure Ξ, the trajectory is determined by the fractional action principle provided that Eqs. (11) and (12) are satisfied. For arbitrary curves on M, the “α – Euler-Lagrange 1 − form” E = ( q̇^k − ∂H ∂p_k ) dp_k − ( ṗ_k + ∂H ∂q^k + 1 − α t − τ p_k ) dq^k = q̇^idp_i − ^̇p_i − dH , (15)

with ^̇p_1 = ṗ_i + 1 − α t − τ p_i ≡ ṗ_i + α − 1 T p_i = 1 T^{α−1} d dT ( T^{α−1}p_i ) , (16)

can then be defined along a curve, and E = 0 gives rise the canonical Eqs. (11) and (12).

Theorem 4: Let L be a Lagrangian on TM and X a vector field on M. If the Lagrangian L is X-invariant, then the quantity P_X = X^kp_k is not conserved along the extremals of L.

Proof: Let γ = γ ( q^k(τ) ) be an extremal of the Lagrangian L. Then d dτ P_X (γ, γ̇) = d dτ ( X^k (γ(τ)) ∂L ( τ, q^k(τ), q̇^k(τ) ) ∂q̇^k )

= ∂X^k ∂q^k q̇^k ∂L ( τ, q^k(τ), q̇^k(τ) ) ∂q̇^k

+X^k ( ∂L ( τ, q^k(τ), q̇^k(τ) ) ∂q^k − α−1 τ −t ∂L ( τ, q^k(τ), q̇^k(τ) ) ∂q̇^k )

= 1 − α τ − t

X^k ∂L ( τ, q^k(τ), q̇^k(τ) ) ∂q̇^k , assuming X-invariant, e.g.

∂X^k ∂q^k q̇^k ∂L ( τ, q^k(τ), q̇^k(τ) ) ∂q̇^k

+ X^k ∂L ( τ, q^k(τ), q̇^k(τ) ) ∂q^k

= 0 . ■

Corollary 3: Let L = L ( τ, q^k(τ), q̇^k(τ) ) be a Lagrangian on the set R^n. If ∂L ( τ, q^k(τ), q̇^k(τ) ) /∂q^k = 0, then dp^k/dτ /= 0 along any fractional extremal.

5. The fractional Euler-Poincaré on Lie endomorphism space and their dual

Let G_{Lie} be a Lie group (a smooth manifold G), g its Lie algebra and g^∗_{Lie} its dual. The corresponding smooth group structure is described by the map

G × G → G , G → G , (g, h) → gh , g → g^{−1} .

We summarize the fractional formalism with the following theorem [60 – 62]. Theorem 5: The following conditions are equivalent:

A-The Fractional Hamilton’s Principle:

Any curve r(τ) ∈ G_{Lie} is a critical point of the fractional action

1S_{0<α<1}[q] =^1_{Γ(α)} t∫ t_0=0

L (ṙ(τ), r(τ), τ) (t − tau)^{α−1}dτ,

for variations δr (τ) such that δr (τ_0) = δr (τ_1) = 0.

B-The Fractional Euler-Poincaré variational principle:

Any curve r(τ) ∈ G_{Lie} is a critical point of the fractional action

2S_{0<α<1}[q] =^1_{Γ(α)}

t_1∫

t_0=0

l(v(τ), τ)(t − τ)^{α−1}dτ ,

for variations δr(τ) such that δr(τ_0) = δr(τ_1) = 0.

C-The Factional Hamilton’s phase space principle:

The curve (r(τ), p(τ)) ∈ T^∗G is a critical point of the fractional action

3S_{0<α<1}[q] =^1_{Γ(α)}

t_1∫

t_0=0

(p · ṙ − H(r, p)) (t − τ)^{α−1}dτ ,

for variations (δr, δp) such that δr (τ_i) = 0, i = 0, 1 and δp(τ) is arbitrary. The pointwise function is defined on T G_{Lie} ⊕ T^∗G_{Lie} regarded as a bundle over G_{Lie}, that is, the base space common to T G_{Lie} and T^∗G_{Lie}.

D-The Fractional Lie-Poisson Variational Principle:

The curve (v(τ), ς(τ)) ∈ g_{Lie} × g^∗_{Lie} is a critical point of the fractional action

4S_{0<α<1}[q] =^1_{Γ(α)}

t_1∫

t_0=0

(⟨ς(τ), v(τ)⟩ − h (ς(τ))) (t − τ)^{α−1}dτ ,

for variations δv(τ) = κ̇t(τ) + [v(τ), κ(τ)] such that κ (τ_i) = 0, i = 0, 1 and δp(τ) are arbitrary.

The bracket is the familiar Poisson one and for any Hamiltonian h : g^∗_{Lie} → R ⟨δh/δμ, ν⟩ = dh(μ) · ν, where dh(μ) : g^∗_{Lie} → R is the usual derivative of h, and ⟨ , ⟩ denotes the pairing between g_{Lie} and g^∗_{Lie}.

E-The Fractional Euler-Lagrange Equations on G_{Lie} : ∂L ∂r − d dτ ( ∂L ∂ṙ ) = 1 − α t − τ ∂L ∂ṙ F-The Fractional Euler-Poincaré Equations on g^∗_{Lie} : d dτ ( ∂L ∂v ) + α − 1 τ − t ∂L ∂v = ad^∗_v ∂L ∂v , where v(τ) = r^{−1}(τ)ṙ(τ). Here for a given ξ, the adjoint action of G_{Lie}

on g_{Lie} is defined by ad_g (ξ) = d dτ | | |_{τ=0} g exp (ξτ) g^{−1}, so that ad_g : g_{Lie} → Endomorphism (g) is an invertible linear map and defines a left group action on g_{Lie}. This holds also for the dual g^∗_{Lie}.

G-The Fractional Hamilton’s Equations on T^∗G_{Lie}: ( dr(τ) dτ , dp(τ) dτ ) = ( ∂H ∂p , − ∂H ∂r − 1 − α t − τ p )

H-The Fractional Lie-Poisson on g^∗_{Lie}: μ̇ + α − 1 τ − t μ = ad_{δh}/δμ^∗μ

In fact, for ξ ∈ g_{Lie}, the fractional Euler-Poincaré equations on g^∗_{Lie}with basis e_1, ..., e_p(dim g_{Lie} = r) may be written as d dτ ( ∂L ∂ξ ) = ad^∗_ξ ∂L ∂ξ + f , (17)

where f ≡ ((1 − α)/(τ − t)) ∂L/∂ξ. In the finite-dimensional case, Eq. (17) reads d dτ ( ∂L ∂ξ^d ) = C^b_{ad} ∂L ∂ξ^b ξ^a + f_d , (18)

where C^b_{ad} are the dual constants of the Lie algebra defined by [e_a, e_b] = C^d_{ab}e_d, a, b = 1, ..., p and a sum over d is understood. For example, for a Lie algebra R^3 with the corresponding rotational group and L : R^3 → R, Eqs. (18) generalize the fractional Euler-equations for rigid body with quadratic Lagrangians or the usual Euler-equations with decaying external forces. In fact, the fractional equations describing the Euler rigid body are equivalent to the rigid body fractional actionlike principle (1). Let V be the vector space and assume that g_{Lie} acts on the left by linear maps on V and on its dual space V^∗. Define the linear map ρ_v = g → V defined by ρ_v (ξ) = ξv and its dual ρ^∗_v = g^∗ → V^∗ [63, 64]. For any a ∈ V^∗, making use for convenience of the celebrated bilinear notational operation ρ^∗_va = v♦a ∈ g^∗_{Lie}, the positive and negative fractional Lie-Poisson on g^∗_{Lie} may be written, respectively as [65, 66]

μ̇ + α − 1 τ − t μ = ∓ad_{δh/δμ}♦a , (19)

ȧ = ± δh δμ a . (20)

The fractional Euler-Poincaré equations hold also on g_{Lie} × V^∗ d dτ ( ∂L ∂ξ ) = ad^∗_ξ ∂L ∂ξ + δL δa ♦a + f , (21)

with ȧ = −ξ(τ)a. In a continuum medium, Eq. (21) is written as ∂ ∂τ ( δL δ⃗u ) = ad^∗_{⃗u} δL δ⃗u + δL δa ♦a + f = −£_{⃗u} δL δ⃗u + δL δa ♦a + f_{⃗u} , (22) where £_{⃗u} denotes the Lie derivative with respect to the Eulerian velocity field ⃗u(x, τ) and f_{⃗u} = f ≡ ((1 − α)/(τ − t)) δL/∂⃗u. Equations (17) – (22) may describe weak dissipative plasma fluid dynamics. One interesting consequence of the above arguments is the violation of the Kelvin-Noether theorem (conservation of circulation). It is worth mentioning that in continuum theories, the Kelvin circulation theorem for ideal current flow is related to the Noether theorem applied to continuum medium using the particle relabelling group of symmetry [62, 63, 67 – 76]. In fact, the Kelvin-Noether theorem has many important consequences in geophysical fluid dynamics and turbulent fluids with dissipation produced by vortex line-stretching. However, existing proofs of Kelvin-Noether conservation theorem are valid only for ideal (smooth and laminar) fluids. In fact, recent numerical simulations done for high-Reynolds-number turbulence show that the classical Kelvin-Noether theorem is violated [77]. Define the Kelvin-Noether quantity I : C × g × V^∗ → R by [60]

I (c, ξ, a) = ⟨ K(c, a), ∂L ∂ξ (ξ, a) ⟩ . (23)

C is a manifold on which the Lie group G acts on the right, K : C × V^∗ → g^{∗∗} is an equivariant map and g^{∗∗} is the double dual Lie algebra.

Corollary 4: If ξ(τ), a(τ) satisfy the fractional Euler-Poincaré equations, then the Kelvin quantity I(τ) = I (c(τ), ξ(τ), a(τ)) with I : C × g → R is not conserved. Here c(τ) = c_0g(τ)^{−1}, c_0 ∈ C and ġ(τ) = ξ(τ)g(τ). Conservation occurs for α = 1 (standard case) or when τ → ∞.

Theorem 6: If the Eulerian velocity field ⃗u(x, τ) satisfies the fractional Euler- Poincaré equations ∂ ∂τ ( δL δ⃗u ) = −£_{⃗u} δL δ⃗u + δL δa ♦a +f_{⃗u} , and the fractional continuity equation ∂a ∂τ + £_{⃗u} a = 0 ,

then d dτ (I(τ) ≡ I (ℑ_τ , ⃗u_τ , a_τ )) = ∮ ℑ_τ 1 ρ ( δL δa ♦a + f_{⃗u} ) ,

where ℑ_τ = ℵ_τ ∘ ℑ_0, ℵ_τ is the flow of ⃗u(x, τ) and ρ is the mass density.

Proof: Following [64], we write the circulation and we perform variable change as I (ℑ_τ , ⃗u_τ , a_τ ) = ∮ ℑ_τ 1 ρ_τ δL δ⃗u = ∮ ℑ_0 1 ρ_0

ℵ^∗_τ δL δ⃗u Then making use of the definition of the Lie derivative ( d dτ ) Lie (ℵ^∗_τ ζ_τ ) = ℵ^∗_τ ( ∂ ∂τ ζ_τ + £_{⃗u} ζ_τ ) , we easily find using the fractional Euler-Poincaré equations and the change of variables d dτ I (ℑ_τ , ⃗u_τ , a_τ ) = d dτ ∮ ℑ_0 1 ρ_0

ℵ^∗_τ δL δ⃗u = ∮ ℑ_0 1 ρ_0 d dτ ( ℵ^∗_τ δL δ⃗u )

= ∮ ℑ_0 1 ρ_0 d dτ ( ∂ ∂τ δL δ⃗u + £_{⃗u} δL δ⃗u ) = ∮ ℑ_τ 1 ρ ( δL δa ♦a + f_{⃗u} ) . ■

The circulation is not conserved as it is expected. One may even prove that the potential vorticity on fluid parcels is violated. The above fractional formalism and its nonconservation counterparts may be useful to describe dissipative phenomena, like those occurring in flows in porous media and variable density multi-species flows [66, 74, 76, 78]. An important simple implication concerns the ideal plasma fluid with pressure p. Given the reduced Lagrangian l(u) = (1/2) ∫ B ‖ u^2 ‖ dμ with

g_{Lie} = diffeomorphisme_{vol}(B), B being the Riemann manifold. In the presence of a force term F , Eq. (17) is equivalent to [66] ∂u ∂τ + u · ∇u = f + F − ∇p . (24)

Multiplying this equation by the fluid density, the resulting differential equation will express the violation of the conservation of momentum in a fluid flow. For a fluid at rest (u = 0), the balance equation between the volume and pressure forces, describing the stress condition in fluid at rest, is no longer valid, i.e. f decreases with time. One may state the problem differently: the force F may be written as

F = F_0 +

1 − α τ − t p , (25)

where p is the momentum and F_0 is the value of F when α = 1, i.e. F → F_0 for α = 1 (standard action) or when τ → ∞. The second term on the RHS of Eq. (25) may be viewed as a perturbed force term in the theory. The above fractional formalism could be useful to explain the breakdown of magnetic flux conservation for ideal magnetohydrodynamics (MHD) plasmas and energy dissipation anomaly in hydrodynamic turbulence [79]. Other applications may be discussed in fluid and plasma dynamics. We leave this for a future work.

6. The Fractional reduced Euler-Poincaré and Hamel equations on Lie algebras

One can describe the above concepts of fractional Hamiltonian’s mechanics in the context of Lie algebras and their duals, that is by writing the equations directly on the Lie algebra, by passing the Lie-Poisson equations on the dual. The derivations will be based on the reduction of fractional variational principles. Let L : T SO(3) → R be the Lagrangian of a rigid body motion written entirely in terms of the body angular velocity Ω. We assume that the curve γ(τ) ∈ SO(3) satisfies the ENEL equations. If we denote by M_s = γ^=I Ω the spatial angular momentum, where^=I is the symmetric moment of inertia tensor, then ENLE yields a non-conservation of M_s, e.g. dM_s/dτ /= 0 [60 – 64].

Theorem 7. The Euler’s equation^=I Ω̇ =^=I Ω × Ω is equivalent to conservation of the spatial angular momentum unless α = 1. Otherwise, the equivalence does not hold.

Theorem 8: If the curve γ(τ) ∈ SO(3) satisfies the FEL with

L (γ, γ̇) = 1 2 ∫ B ρ (X) ‖γ̇X‖^2 d^3X , (26)

if and only if Ω(τ) defined by γ^{−1}γ̇u = Ω × u, ∀ u ∈ R^3 satisfies the fractional Euler’s equation^=I d^̇Ω/dτ =^=I Ω × Ω, where ^̇Ω = T^{1−α}d/dT (T^{α−1}Ω). ρ(X) is a given mass density and B ⊂ R^3 is a reference configuration.

Proof: This is evident due to the fact that Noether’s theorem for the spatial angular momentum is not conserved and from this one derives^=I d^̇Ω/dτ =^=I Ω × Ω ■.

Theorem 9: Let G be a Lie group, g = T_eG its corresponding Lie algebra, L : T G → Ra left invariant Lagrangian, l : g → R be its restriction to the identity, γ(τ) ∈ G and ξ(τ) = γ(τ)^{−1} · γ̇(τ). Then, if γ(τ) satisfies the FEL, the corresponding Euler-Poincaré equations do not hold

ad^∗_ξ ∂L ∂ξ /= d dτ ( ∂L ∂ξ ) . (27)

where ad_ξ : g → g = ad_ξA = [ξ, A] ; [, ] : g × g → g is the associated Lie bracket, and ad_ξ∗ is its dual.

Corollary 5: The fractional variational principle for l (ξ(τ)) holds on g and on the tangent bundle of any configuration manifold Q, using δξ = η̇ + ((α − 1)/T ) η + [ξ, η], where η vanishes at the endpoints.

Corollary 6: The spatial angular momentum is not conserved. We have

dM̄_s/dT ∝ T^{1−α}, M̄_s = Ad^∗_g−1 ∂l/∂ξ.

This is an anomalous spatial angular momentum and it does have the property that, if M̄_s does not depend on q_i, it is not a constant of motion. Since the FEL and fractional Hamilton’s equations are equivalent on the tangent bundle configuration space, then the fractional Lie-Poisson and fractional Euler-Poincaré equations are also equivalent on T Q and T^∗Q. In reality, the standard Lie-Poisson and Euler- Poincaré equations (α = 1), as well as their combination, occur for many interesting conservative physical systems and had revealed interesting features from the

Lagrangian point of view. The basic idea is to drop Euler-Lagrange equations and variational principles from a general velocity phase space T Q to the quotient T Q/G by a Lie group action of G on Q. If the Lagrangian is a G-invariant Lagrangian on the tangent bundle T Q, it induces a particular reduced Lagrangian on T Q/G by implementing a specific connection on the principal bundle Q → S = Q/G, assuming that this quotient is nonsingular, allowing one to split the variables into a horizontal and vertical part. Note that this formalism holds only for conservative systems and it fails for dissipative or nonconservative dynamical systems. Let ( x^β , η^a ) be internal coordinates for the shape space Q/G and for the Lie algebra g relative to a chosen basis, respectively, l = l (x^α, ẋ^α, η^a) the Lagrangian and C^a_{db} the structure constants of the Lie algebra.

Definition 5: The resulting fractional Hamel equations are ∂l ∂x^β − d dτ ( ∂l ∂ẋ^β ) = 1 − α t − τ ∂l ∂ẋ^β

, (28)

∂l ∂η^a

C^a_{db}η^d − d dτ ( ∂l ∂η^b ) = 1 − α t − τ ∂l ∂η^b

, (29)

and the fractional reduced FEL equations are d dτ ( ∂l ∂ẋ^β ) − ∂l ∂x^β ≡ ∂l ∂ξ^a ( B^a_{βδ}ẋ^δ + B^a_{βd}ξ^d ) = α − 1 t − τ ∂l ∂ẋ^β

, (30)

d dτ ( ∂l ∂ξ^b ) ≡ ∂l ∂ξ^a ( B^a_{βb}ẋ^β + C^a_{db}ξ^d ) = α − 1 t − τ ∂l ∂ξ^b

, (31)

which are equivalent respectively to: 1 T^{α−1} d dT ( T^{α−1} ∂l ∂ẋ^β ) − ∂l ∂x^β ≡ ∂l ∂ξ^a ( B^a_{βδ}ẋ^δ + B^a_{βd}ξ^d ) , (32)

1 T^{α−1} d dT ( T^{α−1} ∂l ∂ξ^b ) ≡ ∂l ∂ξ^a ( B^a_{βb}ẋ^β + C^a_{db}ξ^d ) , (33)

where ξ^a = A^a_βẋ^β + η^a is the velocity shift, A^d_β are the local coordinates of the connection A and B^a_{βd} = C^a_{bd}A^b_β = −B^a_{dβ} are the coordinates of the curvature B of A. In this way, the reduction of a cotangent bundle T^∗Q by a symmetry group G is also a bundle over T^∗S : S = Q/G unless Eqs. (30) – (33) are satisfied, i.e. the FDLF holds for any weak dissipative systems. The applications described here are simple but serve as a staring point.

7. Conclusions and perspectives

The nonconservative equations constructed through this work have the essential feature that both energy and angular momentum conservation laws are violated. In the context of Euler-Poincaré, this means that the energy is decreasing along the coadjoints non-invariant orbits. For example, in plasma physics and stellar dynamics, we enlarged our arguments by stating that dissipative mechanism occurs with simultaneous violation of particle number and energy [79 – 82]. In geophysical scenarios, both energy and entropy are violated [81]. We expect important implications of our formalism to a number of known examples, including the heavy top [67 – 73], compressible and incompressible fluids, inviscid, irrotational, unsteady flows, plasma MHD, superfluid turbulence [74 – 79], as well as gauge quantization [83 – 86] and astrophysical turbulent flows [87], topological charge of vortices in quantum mechanics [88], damping mechanism in planetary physics [89], Landau- Lifschitz equations for ferromagnetism [90, 91]. The results obtained in this work need more details and further consequences are under progress.

References

[1] K. Sundermeyer, Constrained Dynamics, Lecture Notes in Physics, vol. 169, Springer- Verlag, Berlin (1982).

[2] A. Brizard, Introduction to Lagrangian and Hamiltonian mechanics, Lectures Notes given at the Department of Chemistry and Physics, Saint-Michael’s College, Colchester, VT 05439 (November 4 2005).

[3] P. Libermann and C. Marle, Symplectic Geometry and Analytical Mechanics, Kluwer, Dordrecht (1987).

[4] H. Cendra, J. E. Marsden, S. Pekarsky and T. S. Ratiu, Moscow Math. J. 3, 3 (2003) 833-867.

[5] G. S. F. Frederico and D. F. M. Torres, Nonconservative Noether’s Theorem in Optimal Control, Proc. 13th IFAC Workshop on Control Applications of Optimisation Paris- Cachan, France, (26-28 April 2006) 127-132.

[6] G. S. F. Frederico and D. F. M. Torres, Noether’s theorem for fractional optimal control problems, Proc. 2nd IFAC Workshop on Fractional Differentiation and its applications, Porto, Portugal, (19-21 July 2006).

[7] D. F. M. Torres, Port. Math. 61, No. 1 (2004) 97-114.

[8] D. F. M. Torres, Commun. Pure Appl. Analysis 3, No. 3 (2004) 491-500.

[9] V. E. Tarasov, CHAOS 15 (2005) 023102.

[10] D. S. Djukiv and A. M. Strauss, J. Phys. A 13, 2 (1980) 431-435.

[11] S. G. Samko, A. A Kilbas and O. I. Marichev, Integraly i Proizvodnye Drobnogo Poryadka i Nekotorye ih Prilozheniya (Integrals and Derivatives of the Fractional Order and Some of Their Applications), Nauka i Tehnika, Minsk (1987) (English translation: S. G. Samko, A. A. Kilbas and O. I. Marichev, Fractional integrals and derivatives, Gordon and Breach, Amsterdam (1993).

[12] E. W. Montroll and M. F. Schlesinger, in Studies in Statistical Mechanics 11, Eds. J.

Leibowitz, E. W. Montroll, North-Holland, Amsterdam (1984).

[13] K. B. Oldham and J. Spanier, The Fractional Calculus, Acad. Press, New York, London (1974).

[14] K. M. Kolwankar and A. D. Gangal, Phys. Rev. Lett. 80 (1998) 214. [15] I. Podlubny, Fractional Differential Equations, Academic Press, New York (1999); Fractional Calculus and Applied Analysis 5, 4 (1998) 367-386.

[16] N. Laskin, Chaos 10 (2000) 780-790.

[17] A. I. Saichev and G. M. Zaslavsky, Chaos 7 (1997) 753-764.

[18] B. A. Carreras, V. E. Lynch and G. M. Zaslavsky, Physics of Plasmas 8 (2001) 5096- 5103.

[19] R. Hilfer, Chem. Phys. B 104 (2000) 3914-3925.

[20] F. Mainardi and R. Gorenflo, Comput. Appl. Math. J. 118 (2000) 283-299. [21] K. Cottrill-Shepherd and M. Naber, J. Math. Phys 42 (2001) 2203-2212. [22] F. Mainardi, Chaos, Solitons and Fractals 7 (1996) 1461-1477. [23] E. Lutz, Phys. Rev. E 64 (2002) 051106-051110. [24] M. Metzler and J. Klafter, Physics Reports 339 (2000) 1-77. [25] E. Bertrin and J. P. Bouchaud, Phys. Rev. Lett. 95 (2005) 015702-015706. [26] V. E. Tarasov, CHAOS 16 (2006) 033108-033115. [27] K. M. Kolwankar and A. D. Gangal, CHAOS 6 (1996) 505. [28] A. Rocco and B. J. West, Physica A 265 (1999) 535.

[29] B. J. West and P. Grigolini, Applications of Fractional Calculus in Physics, Ed. R.

Hilfer, World Scientific, Singapore (1998).

[30] A. J. Lichetenberg and M. A. Lieberman, Regular and Stochastic Motion, Springer, Berlin (1991).

[31] S. Muslih, D. Baleanu and R. Eqab, Phys. Scr. 33 (2006) 436-438. [32] D. Baleanu and T. Avkar, Nuovo Cimento 119 (2004) 73-79. [33] M. Klimek, Czech. J. Phys. 55 (11) (2005) 1447-145.

[34] D. W. Dreisigmeyer and P. M. Young, J. Phys. A Math. Gen. 36 (2003) 8297-8310. [35] D. W. Dreisigmeyer and P. M. Young, J. Phys. A Math. Gen. 37(11) (2004) L117-121. [36] F. Riewe, Phys. Rev. E 53 (1996) 1890-1899.

[37] M. V. Berry, Semi-Classical Mechanics of Regular and Irregular Motion, In Les Houches Summer School 1981 on Chaotic Behaviour of Deterministic Systems, eds. G. Iooss, H. G. Helleman and R. Stora, North-Holland, Amsterdam (1983).

[38] M. Klimek, Czech. Journ. Phys. 51, no. 12 (2001) 1348-1354. [39] O. P. Agrawal, J. Math. Anal. Appl. 272 (2002) 368-379.

[40] J. Cresson, Fractional Embedding of Differential Operators and Lagrangian Systems, Prepublications de l’Institut des Hautes Etudes Scientifiques (June 2006).

[41] F. Ben Adda and J. Cresson, Appl. Math. Comp. 161 (2005) 323-345. [42] F. Ben Adda and J. Cresson, Chaos Solitons and Fractals 19 (2004) 1323-1334. [43] S. Owa et al., Bulletin of the Institute of Mathematics, Academia Sinica, 31, No.4 (2003) 243-255.

[44] A. Carpinteri and F. Mainardi, Fractals and Fractional Calculus in Continuum Mechanics, Springer-Verlag, Wien (1997).

[45] Y. C. Kim and J. H. Choi, Mathematica Japonica 51 (2000) 453-457. [46] H. M. Srivastava and S. Owa (Editors), Univalent Functions, Fractional Calculus and Their Applications, Halsted Press (Ellis Horwood Limited, Chichester), John Wiley and Sons, New York, Chichester, Brisbane, and Toronto (1989).

[47] S. Muslih and D. Baleanu, Math. Anal. Appl. 304 (2005) 599-606. [48] A. A. Stanislavsky, Eur. Phys. J. B 49 (2006) 93-101. [49] R. A. El-Nabulsi, Fizika (Zagreb) A14, 4, (2005) 289-298.

[50] R. A. El-Nabulsi and D. F. M. Torres, Math. Meth. Appl. Sci. 30, 15 (2007) 1931. [51] R. A. El-Nabulsi, Int. J. Appl. Math 17, No 3, (2005) 299-317. [52] R. A. El-Nabulsi, Int. J. Appl. Math. & Statistics, 5, S06 (2006) 50-61 (Special Issue Dedicated to Prof. Jagannath Mazumdar).

[53] R. A. El-Nabulsi, I. A. Dzenite and D. F. M. Torres, Fractional Action Functional in Classical and Quantum Field Theory, to appear in Scientific Proceedings of Riga Technical University, 48th International Thematic Issue: Boundary Field Problems, Vol. 29 (2006) 189 (2006).

[54] R. A. El-Nabulsi, Rom. J. Phys. 52, Nos. 3-4 (2007) 441-452. [55] R. A. El-Nabulsi, Rom. Reports Phys. 59, No. 3 (2007) 759. [56] R. A. El-Nabulsi, Rom. J. Phys. 32, 5-7 (2007) 705. [57] R. A. El-Nabulsi, Fizika B (Zagreb) 16 (2007) 167. [58] R. A. El-Nabulsi, Elec. J. Theor. Phys. 4, 15 (2007) 157.

[59] G. S. F. Frederico and D. F. M. Torres, Int. J. Appl. Math. 19, No. 1 (2006) 97-104. [60] J. E. Marsden, Lectures on Mechanics, London Mathematical Society Lecture note series, 174, Cambridge University Press (1992).

[61] R. S. Hamilton, Bull. Amer. Math. Soc. (N.S.) 7, 1 (1982) 65-222. [62] J. E. Marsden and A. Weinstein, Rep. Math. Phys. 5 (1974) 121. [63] J. E. Marsden, R. Montgomery and T. Ratiu, Reduction, Symmetry and Phases in Mechanics, Memoirs AMS 436 (1990) 1.

[64] D. D. Holm, J. E. Marsden and T. S. Ratiu, Adv. Math. 137 (1998) 1; The Euler- Poincaré equations in geophysical fluid dynamics, Isaac Newton Institute Proceedings, Mathematics of Atmosphere and Ocean Dynamics, Cambridge Univ. Press (1999).

[65] P. Dobias, Geometrical Formulation of Plasma Physics I & II, , Lectures given at University of Alberta, Department of Physics (2003).

[66] L. D. Landau and E. M. Lifshitz, Fluid Mechanics, Vol. 6. Course of Theoretical Physics. Pergamon Press, (1984).

[67] V. I. Arnold, Mathematical Methods of Classical Mechanics, Springer-Verlag, Berlin (1978).

[68] K. Sundermeyer, Constrained Dynamics, Lecture Notes in Physics, vol. 169, Springer- Verlag, Berlin (1982).

[69] M. R. Menzio, W. M. Tulczyjew, Infinitesimal symplectic relations and generalized Hamiltonian dynamics, Ann. Inst. H. Poincaré 29 (1978) 349.

[70] V. Goncharov V. and Pavlov, Eur. J. Mech. B Fluids 16 (1997) 509.

[71] T. S. Ratiu, Am. J. Math. 104 (1982) 409, 1337.

[72] J. M. Souriau, Structure of Dynamical Systems, vol. 149 of Progress in Mathematics.

Birkhäuser Boston Inc., Boston, MA, (1997). A symplectic view of physics, translated from the French by C. H. Cushman-de Vries, translation edited and with a preface by R. H. Cushman and G. M. Tuynman.

[73] K. Miyamoto, Plasma Physics for Nuclear Fusion, MIT Press, Cambridge, Mass.

(1976).

[74] V. I. Arnold and B. Khesin, Topological Methods in Hydrodynamics, Appl. Math. Sciences 125, Springer-Verlag (1998).

[75] D. G. Ebin and J. Marsden, Ann. Math. 92: (1970) 102.

[76] J. Pedlosky, Geophysical Fluid Dynamics, 2^{nd} edition, Springer-Verlag, Berlin, New York, (1987).

[77] S. Chen, G. L. Eyink, M. Wan and Z. Xiao, Is the Kelvin theorem valid for high- Reynolds-number turbulence, physics/0605016.

[78] B. Cushman-Roisin, Introduction to Geophysical Fluid Dynamics, Prentice-Hall, New Jersey (1994).

[79] G. L. Eynik and H. Aluie, The breakdown of Alfvén’s theorem in ideal plasma flows, physics/0607073.

[80] E. V. Belova, R. C. Davidson, H. Ji and M. Yamada, Kinetic Effects on the Stability Properties of Field-Reserved Configurations: II. Nonlinear Evolution, PPPL-3907, UC- 70 (November 2003).

[81] A. Schindlmayr, Phys. Rev. B 56 (1997) 3528.

[82] E. Gkioulekas and K. K. Tung, to appear in Discrete and Continuous Dynamical Systems B; nlin.CD/0507042.

[83] M. Henneaux and C. Teitelboim, Quantization of Gauge Systems, Princeton University Press (1992).

[84] G. L. Naber, Topology, Geometry and Gauge Fields, Springer-Verlag, Berlin (1997). [85] D. Bleeker, Gauge Theory and Variational Principles, Addison-Wesley, Massachusetts (1981).

[86] J. Baez and J. P. Muniain, Gauge Fields, Knots and Gravity, World Scientific, Singapore (1994).

[87] A. Lazarian and E. Vishniac, Revista Mexicana de Astronomia y Astrofisica 9 (2001) 55. [88] B. Damski and K. Sacha, J. Phys. A: Math. Gen. 36 (2003) 2339. [89] D. K. Lewis and J. C. Simo, Proc. Roy. Soc. Lon. A 427 (1990) 281. [90] A. Bloch, P. S. Krishnaprasad, J. E. Marsden and T. S. Ratiu, Comm. Math. Phys.

175, no.1 (1996) 1.

[91] T. H. O’Dell, Ferromagnetodynamics, John Wiley & Sons (1981).

GEOMETRIJA MNOGOSTRUKOSTI U LIEVOM ENDOMORFSKOM PROSTORU I NJIHOVI PAROVI U FRAKCIJSKOM AKTIVNOM VARIJACIJSKOM PRISTUPU

Raspravljaju se neke zanimljive odlike geometrije mnogostrukosti u Lievom endomorfskom prostoru u frakcijskom aktivnom varijacijskom pristupu (frakcijski diferenciranoj Lagrangeovoj funkciji) kako je to autor nedavno objavio.