ISSN1330–0008 CODEN FIZAE4

NON-LINEAR PROPAGATION OF WAVES IN A WARM MAGNETIZED PLASMA

K. K. GHOSH^a, S. N. PAUL^b and S. CHATTOPADHYAY^b

aDepartment of Mathematics, R.C.C. Institute of Information Technology, South Canal Road, Beliaghata, Kolkata 700015, India

bCentre for Science Education and Research, B/4, Shyamali Housing Estate, Salt Lake, Kolkata 700064, India Email : sailenpaul@rediffmail.com

Received 3 August 2004; Accepted 20 December 2004 Online 7 February 2005

Non-linear propagation of finite-amplitude ion-cyclotron waves, ion-acoustic waves and solitary waves in a collisionless magnetized plasma, consisting of warm ions and isothermal electrons, is theoretically studied. New analytical solutions have been obtained for the excitation of these waves in the plasma. The nature of solutions for these waves are represented graphically. It is seen that the normalized electric field can have arbitrary small as well as large values for the existence of ion-cyclotron waves which contradicts the results of other authors.

PACS numbers: 52.35.Mw, 52.35.Qz, 52.35.Sb UDC 531.742.37, 531.755.2

Keywords: collisionless magnetized plasma, ion-cyclotron waves, ion-acoustic waves, solitary waves, non-linear propagation, analytical solutions waves

1. Introduction

In last few years, the excitation and propagation of ion-acoustic solitary waves has been a topic of considerable interest both in laboratory and space plasmas. Washimi and Tanuiti [1] were the first to derive the Korteweg-deVries (K-dV) equation for the ion-acoustic solitary wave in a plasma. Subsequently, incorporating various parameters in the plasma, many authors have studied theoretically [2 – 11] and experimentally [12 – 15] the propagation of ion-acoustic solitons and have obtained many important results. The ion-acoustic wave in a magnetized plasma shows interesting characteristics as there exist two low-frequency electrostatic modes, namely, the ion-acoustic mode and ion-cyclotron mode. Zhakharov and Kuznetsov [16] introduced non-linear wave equation for a magnetized plasma and showed that small-amplitude three-dimensional ion-acoustic solitons can exist in a low-β magnetized plasma. In kinetic approach. Swift [17] solved the Poission-Vlasov equations for a magnetized plasma by calculating the ion-density from adiabatic theory. Shukla and Yu [18] showed that the finite-amplitude ion-acoustic solitons propagating obliquely to an external magnetic field can occur in a plasma. Lee and Kan [19] presented a unified formulation for the study of non-linear low-frequency electrostatic wave in a magnetized plasma having cold ions and warm electrons. Besides these, the propagation of ion-acoustic solitons in a magnetized plasma have been studied theoretically [20 – 27] and experimentally [28 – 30] by other authors and found some fascinating results which have wide physical applications.

It is to be mentioned that many authors have used different mathematical techniques for finding the solution of non-linear evolution equation in a magnetized plasma and each of them obtained interesting results. But still, there is enough scope for developing the theoretical infrastructure for the ion-acoustic waves and solitons in plasmas. With this motivation, we have studied in the present paper the non-linear propagation of finite-amplitude ion-cyclotron waves, ion-acoustic waves and solitons in a warm magnetized plasma and have found new analytical solutions for the excitation of these waves. It is seen that the normalized electric field can have arbitrary small as well as large values for the existence of ion-cyclotron waves which contradicts the results obtained by Yashvir et al. [31]. However, some results of Yashvir et al. [31] are verified by our present analytical study.

2. Formulation

We consider an isothermal plasma having warm ions and electrons. We assume that the plasma is collisionless and magnetized. The effect of Landau damping is neglected here. Moreover, we assume that the velocities of ions and electrons are non-relativistic. Therefore, the basic equations governing the dynamics of the plasma can be written as: ∂n ∂t + ⃗∇ · (n⃗u) = 0 , (1)

∂⃗u ∂t + (⃗u · ⃗∇) ⃗u = − ⃗∇p mn − e m ⃗∇ϕ + ⃗u × ⃗Ω , (2)

∇^2ϕ = n_e − n , (3)

where n_e = n_0 exp(eϕ/T_e), n_e and n are, respectively, the density of electrons and ions, m and ⃗u are the mass and velocity of ions, ϕ is the electrostatic potential, Ω is the gyro-frequency, e is the magnitude of electronic charge, T_e is the electron temperature and n_0 is the equilibrium density of electrons and ions.

Now, transforming Eqs. (1) – (3) to non-dimensional form and following the usual procedure [31], we obtain the evolution equation in a new single variable S,

dF (N) dS^2

= G(N) , (4)

where

F (N) = ln N +

M^2 2N^2 + σN^2 2 ,

G(N) = (N − 1)(M^2 − γ^2N) − γN^2σ 3 (N^3 − 1) , (5)

N = n n_0

= N(S) , α^2 + γ^2 = 1 , σ = 3T_i/T_e , M =

V_P C_S , T_i is the ion temperature, C_S is the speed of ion sound, α = K_x/K = sin θ, γ = K_z/K = cos θ and θ is the angle between the wave vector K and magnetic field B. The wave vector K is taken in (x−z) plane. V_P (= w/K) is the wave speed and w is the wave frequency.

3. Analytical solutions

Yashvir et al. [31] obtained three types of real solutions of equation (4), which correspond finite amplitude ion-cyclotron waves, ion-acoustic waves and solitons. However, their calculations involved considerable numerical work using approximations. In the present section, we intend to find the solutions of Eq. (4) by a more rigorous analytical study and to verify the results of the above authors.

To find the solutions of Eq. (4), we first integrate it and obtain ( dF dN )_2 ( dN dS )_2

= H(N) − C , (6)

where H(N) = 2 ∫ F^′(N)G(N)dN , (7)

and C is an arbitrary constant. In order to have physically admissible solutions, (i) ( dF dN )_2( dN dS )_2 must be non-negative, (ii) N must be bounded, and (iii) N must admit unperturbed value 1.

So, for physical solution, the requirements are stated as follows.

Requirement 1. There exist N_1 and N_2 such that N_1 < N_2 and H(N_1) = H(N_2) = C.

Requirement 2. H(N) ≥ C for N ∈ [N_1, N_2]. Requirement 3. 1 ∈ [N_1, N_2].

From the expressions for F and G in Eq. (5), we make the following observations.

Observation 1.

For N > 0, G(N) = 0 holds at two points; one is N = 1 and other N = N^′ satisfying the inequality N^{′ <}> 1 according to 2(σ + 1)^<> M^2.

Observation 2.

For N > 0, F^′(N) = 0 can hold at only one point N_0, such that σ + 1^<> M^2 according to N_0^<> 1. Proof of the observations 1 and 2 are given in Appendix.

Now we consider different cases. Case 1a.

M^2 > σ + 1, 1 < N^′ < N_0 . (8)

Theorem 1. For M^2 > σ + 1 and 1 < N^′ < N_0, the existence of physical solution of Eq. (3) requires N_1 < 1 < N_2 < N^′.

Proof. From Requirement 3, we need N_1 ≤ 1 ≤ N_2 . (9) From Requirement 1 and Requirement 2, we need H^′(N_1) ≥ 0 and H^′(N_2) ≤ 0 . (10) Therefore, from (10) and (7), we need F^′(N_1)G(N_1) ≥ 0 , F^′(N_2)G(N_2) ≤ 0 . (11) Since F^′(N_0) = 0, we get from (5)

F^′(N)^>< 0 for N^>< N_0 . (12)

Also, since G(1) = G(N^′) = 0, we get from (5) G(N) ≤ 0 for N < 1, G(N) > 0 for 1 < N < N^′, G(N) < 0 for N^′ < N . (13) From (12) and (13), one can write F^′(N)G(N) > 0 for N < 1, F^′(N)G(N) < 0 for 1 < N < N^′, (14) F^′(N)G(N) > 0 for N^′ < N < N_0, F^′(N)G(N) < 0 for N > N_0.

From (8), (9), (11) and (14), it follows that

M^2 > σ+1 for either N_1 < 1 < N_2 < N^′ < N_0 or N_1 < 1 < N^′ < N_0 < N_2. But M^2 > σ + 1 cannot be satisfied for N_1 < 1 < N^′ < N_0 < N_2 for the following reasons. If this were possible, then from Eq. (7)

H(N_1) = H(N_2) = H(N_3) = C.

Then would exist N^{′′} such that H^′(N^{′′}) = 0 and N_0 < N^{′′} < N_2. Therefore, by the equation (7),

F^′(N^{′′}) = 0 or G(N^{′′}) = 0, i.e., either F^′(N^{′′}) = 0 or G(N^{′′}) = 0, which contradicts the Observations 1 and 2. Hence, for the existence of a physical solution of (6), one must have N_1 < 1 < N_2 < N^′ .

Theorem 2. For every N_2 such that 1 < N_2 < N^′, there exists a unique physical solution of Eq. (6) whose (strict) upper bound is N_2 and (strict) lower bound is N_1 determined by the equation

N_2∫

N_1

F^′(N)G(N)dN = 0 .

Proof. From (14)

F^′(N)G(N) < 0 for 1 < N < N^′, F^′(N)G(N) > 0, for N < 1,

and we observe that

N_2∫

1 F^′(N)G(N)dN is finite, while 1∫ 0 F^′(N)G(N)dN → ∞.

Then for an arbitrary N_2, we can choose a unique N_1 such that 1∫ N_1

F^′(N)G(N)dN = −

N_2∫

1 F^′(N)G(N)dN ,

i.e.,

N_2∫

N_1

F^′(N)G(N)dN = 0 . (15)

Therefore, from (6), (7) and (15), one gets

H(N_1) = H(N_2) = C and H(N) ≥ C for N1 < N < N_2 . Therefore, there exists a unique solution of Eq. (6) whose (strict) upper bound is N_2 (1 < N_2 < N^′) and (strict) lower bound is N_1 determined by (15).

Case 1b.

M^2 > σ + 1, 1 < N_0 < N^′ . (16) Theorem 3. For M^2 > σ + 1 and 1 < N_0 < N^′, the existence of a physical solution of Eq. (6) requires N_1 < 1 < N_0 < N^′ < N_2, where for given M, σ and γ > 0, one can uniquely determine N_1 and N_2 by the equations

N_0∫

N_1

F^′(N)G(N)dN = 0 and

N_2∫

N_0

F^′(N)G(N)dN = 0 .

Proof. From (12), (13) and (16), one gets

F^′(N)G(N) > 0 for N < 1, F^′(N)G(N) < 0 for 1 < N < N_0, (17) F^′(N)G(N) > 0 for N_0 < N < N^′, F^′(N)G(N) < 0 for N > N^′. Therefore, from (9), (11), (16) and (17), it follows that M^2 > σ + 1 for either N_1 < 1 < N_2 < N_0 < N^′ or N_1 < 1 < N_0 < N^′ < N_2. But M^2 > σ + 1 for N_1 < 1 < N_2 < N_0 < N^′ cannot be satisfied for the following reasons. If it were possible, then from Eq. (7) H(N_2) = H(N_0) = C .

Then N^{′′} would be such that H^′(N^{′′}) = 0 and N_2 < N^{′′} < N_0. Therefore, by Eq. (7), F^′(N^{′′})G(N^{′′}) = 0, i.e., either F^′(N^{′′}) = 0 or G(N^{′′}) = 0, which contradicts the Observations 1 and 2. Since from (17),

F^′(N)G(N) > 0, for 0 < N < 1, F^′(N)G(N) < 0, for 1 < N < N_0, and we observe that

N_0∫

1 F^′(N)G(N)dN is finite, and 1∫ 0 F^′(N)G(N)dN → ∞ .

Then one can choose N_1 uniquely such that 1∫ N_1

F^′(N)G(N)dN = −

N_0∫

1 F^′(N)G(N)dN = 0 ,

i.e.,_{N0}∫

N_1

F^′(N)G(N)dN = 0 . (18)

Again, since from (17) F^′(N)G(N) > 0 for N_0 < N < N^′ and F^′(N)G(N) < 0 for N > N^′, and we see that

N^′∫ N_0

F^′(N)G(N)dN is finite and ∞∫ N^′

F^′(N)G(N)dN → ∞.

Then one can choose N_2 uniquely such that

N^′∫

N_0

F^′(N)G(N)dN = −

N_2∫

N^′

F^′(N)G(N)dN = 0 ,

i.e.,_{N2}∫

N_0

F^′(N)G(N)dN = 0 . (19)

Hence the existence of physical solution of the equation (6) requires N_1 < 1 < N_0 < N^′ < N_2 , where N_1 and N_2 are uniquely determined by (18) and (19).

Case 2a.

M^2 < γ^2(σ + 1) for N_0 < N^′ < N_1 . (20) Theorem 4. For M^2 < γ^2(σ + 1) and N_0 < N^′ < 1, the existence of a physical solution of Eq. (6) requires N^′ < N_1 < 1 < N_2.

Proof. Since G(1) = G(N^′) = 0, we get from (2) G(N) < 0 for N < N^′, G(N) > 0 for N^′ < N < 1, G(N) < 0 for N ≥ 1, (21) From (12) and (21), one gets F^′(N)G(N) > 0 for N < N_0, F^′(N)G(N) < 0 for N_0 < N < N^′, (22) F^′(N)G(N) > 0 for N^′ < N < 1, F^′(N)G(N) < 0 for N > 1.

From (9), (11), (20) and (22), it follows that M^2 < γ^2(σ+1) for either N_1 < N_0 < N^′ < 1 < N_2, or N_0 < N^′ < N_1 < 1 < N_2. But M^2 < γ^2(σ + 1) for N_1 < N_0 < N^′ < 1 < N_2 is impossible for the following reasons. If the above case were possible, then from (7) H(N_1) = H(N_0) = H(N_2) = C .

Then there would exist N^{IV} such that H^′(N^{IV} ) = 0 and N_1 < N^{IV} < N_0.

Therefore, by Eq. (7), F^′(N^{IV} )G(N^{IV} ) = 0, i.e., either F^′(N^{IV} ) = 0 or, G(N^{IV} ) = 0, which contradicts the Observations 1 and 2. Hence, the existence of physical solution of the equation (6) requires N^′ < N_1 < 1 < N_2.

Theorem 5. For every N_1 such that N^′ < N_1 < 1, there exists a unique physical solution of Eq. (6) whose (strict) lower bound is N_1 and (strict) upper bound is N_2 determined by the equation

N_2∫

N_1

F^′(N)G(N)dN = 0 .

Proof. Since from (22),

F^′(N)G(N) > 0, for N^′ < N < 1 F^′(N)G(N) < 0, for N > 1 , we observe that 1∫ N_1

F^′(N)G(N)dN is finite and ∞∫ 1 F^′(N)G(N)dN → ∞ .

Then there exists a unique N_2 such that

N_2∫

1 F^′(N)G(N)dN = − 1∫ N_1

F^′(N)G(N)dN,

i.e.,

N_2∫

N_1

F^′(N)G(N)dN = 0 . (23)

Therefore, from (6), (7) and (23), one gets H(N_1) = H(N_2) = C, H(N) ≥ C for N_1 < N < N_2 .

Hence, there exists a unique solution of Eq. (6) whose (strict) lower bound is N_1 (N^′ < N_1 < 1) and (strict) upper bound is N_2 determined by Eq. (23).

Case 2b.

M^2 < γ^2(σ + 1), N^′ < N_0 < 1 . (24) Theorem 6. For M^2 < γ^2(σ + 1) and N^′ < N_0 < 1, the existence of a physical solution of Eq. (6) requires N_1 < N^′ < N_0 < 1 < N_2 where for given M, σ and γ > 0, one can uniquely determine N_1 and N_2 by the equations

N_0∫

N_1

F^′(N)G(N)dN = 0 and

N_2∫

N_0

F^′(N)G(N)dN = 0 .

From (12), (21) and (24), one gets

F^′(N)G(N) > 0 for N < N^′, F^′(N)G(N) < 0 for N^′ < N < N_0, (25) F^′(N)G(N) > 0 for N_0 < N < 1, F^′(N)G(N) < 0 for N > 1.

Therefore, from (9), (11), (24) and (25), it follows that M^2 < γ^2(σ+1) for either N_1 < N^′ < N_0 < 1 < N_2, or N^′ < N_1 < N_0 < 1 < N_2 . But M^2 < γ^2(σ + 1) for N^′ < N_1 < N_0 < 1 < N_2 is impossible for the following reasons. If the above case were possible, then from (7), H(N_0) = H(N_1) = H(N_2) = C .

Therefore, suppose there exists N_V such that H^′(N^V ) = 0 and N_1 < N^V < N_0. Therefore, by (7), F^′(N^V )G(N^V ) = 0, i.e., either F^′(N^V ) = 0 or G(N^V ) = 0, which contradicts the Observations 1 and 2.

Since from (25), F^′(N)G(N) < 0 for N^′ < N < N_0, F^′(N)G(N) > 0, for 0 < N < N^′ , and one observes that

N_0∫

N_1

F^′(N)G(N)dN is finite and

N^′∫

0 F^′(N)G(N)dN → ∞ .

Then there exists a unique N_i such that

N^′∫

N_1

F^′(N)G(N)dN = −

N_0∫

N^′

F^′(N)G(N)dN , i.e.,

N_0∫

N_1

F^′(N)G(N)dN = 0 . (26)

Again, since from (25)

F^′(N)G(N) > 0 for N_0 < N < 1 and F^′(N)G(N) < 0 for N > 1 , and our observation is that 1∫ N_0

F^′(N)G(N)dN is finite and ∞∫ 1 F^′(N)G(N)dN → ∞ .

Then one can choose a unique N_2 such that

N_2∫

1 F^′(N)G(N)dN = −

N_2∫

N_0

F^′(N)G(N)dN ,

i.e.,

N_2∫

N_0

F^′(N)G(N)dN = 0 . (27)

Hence, the existence of physical solution of (6) requires N_1 < N^′ < N_0 < 1 < N_2 , where N_1 and N_2 are uniquely determined by Eqs. (26) and (27).

Case 3.

σ + 1 > M^2 > γ^2(σ + 1) for N_0 < 1 < N^′. (28)

Theorem 7. For σ + 1 > M^2 > γ^2(σ + 1) for N_0 < 1 < N^′, the existence of a physical solution of Eq. (6) requires N_0 < N_1 = 1 < N^′ < N_2 .

Since G(1) = G(N^′) = 0, we get from (5)

G(N) < 0 for N < N_0, G(N) ≤ 0 for N_0 < N < 1, (29) G(N) ≥ 0 for 1 < N < N^′, G(N) < 0 for N > N^′.

From (14) and (29), one gets F^′(N)G(N) > 0 for N < N_0, F^′(N)G(N) ≤ 0 for N_0 < N < 1, (30) F^′(N)G(N) ≥ 0 for 1 < N < N^′, F^′(N)G(N) < 0 for N > N^′. From (9), (11), (28) and (30), it follows that σ + 1 > M^2 > γ^2(σ + 1) for N_0 < N_1 = 1 < N^′ < N_2 , which is the requirement for the existence of the physical solution of Eq. (6).

Theorem 8. For every N_1 = 1 such that there exists a unique physical solution of Eq. (6) whose (strict) lower bound is 1 and (strict) upper bound is N_2 determined by the equation (nešto fali)

N_2∫

N_1

F^′(N)G(N)dN = 0.

Proof. Since from (30) one has F^′(N)G(N) > 0, for 1 < N < N^′, F^′(N)G(N) < 0, for N > N^′ , and we observe that

N^′∫

1 F^′(N)G(N)dN is finite and ∞∫ N^′

F^′(N)G(N)dN → ∞.

Then one can choose a unique N_2 such that

N_2∫

N^′

F^′(N)G(N)dN = −

N^′∫

1 F^′(N)G(N)dN ,

i.e.,

N_2∫

1 F^′(N)G(N)dN = 0 . (31)

From (6), (7) and (31), one gets H(1) = H(N_2) = C and H(N) > C for 1 < N < N_2 .

Hence there exists a unique physical solution of Eq. (6) whose (strict) lower bound is 1 and (strict) upper bound is N_2 determined by (31).

4. Analysis of the solutions

For M^2 > 1 + σ, we obtained in the previous section two types of solution (solutions corresponding to ion-cyclotron waves) given in the Case 1a and Case 1b. Yashvir et al. [31] found only the solution given in the Case 1a. They showed that the solution exists only for the values of E_0 ≃ 0.1 − 0.4 where E_0 is the normalized electric field. Also, they concluded that E_0 takes neither very small nor very large values for the existence of ion-cyclotron waves. In the case of solution given in the Case 3 (solution corresponding to ion-acoustic solitons) they graphically showed the following results: (a) dN^′ dσ < 0, (b) dN_2 dσ < 0, (c) dN_2 dM > 0,

taking only few numerical values of σ (> 0), M (> 0) and γ (> 0), and N^′ and N_2 as functions of σ and M.

In this context we present more rigorous analytical study with two following theorems.

Theorem 9. For given σ > 0, M > 0 and M^2 > 1 + σ, ion-cyclotron waves can exist for arbitrarily small as well as arbitrarily large values of E_0.

Proof. Since N_2 and N_1 be the least upper bound and greatest lower bound of N(s) and (dN/ds)_{N=1}, we get from (6) and (7) 1∫ N_1

F^′(N)G(N)dN +

N_2∫

1 F^′(N)G(N)dN = 0 , (32)

and_1∫

N_1

F^′(N)G(N)dN = (1 + σ − M^2)E_0 . (33)

Since (1 + σ − M^2) is fixed, by choosing N_1 ≃ 1, one gets from (33) that E_0 can have an arbitrarily small value.

Also, from (33) one gets arbitrarily large E_0 by choosing N_1 ≃ 1. Once 1∫ N_1

F^′(N)G(N)dN is fixed, one can choose for N_2 any small and also any large

value at will.

Theorem 10. For σ + 1 > M^2 > γ^2(σ + 1) and N_0 < N_1 = 1 < N^′ < N_2, (i) dN^′ dσ < 0 for all σ > 0, (ii) dN_2 dσ < 0 for all σ > 0, and

(iii) dN_2 dM > 0 for all M > 0.

Proof. (i) Since G(N) = 0 at N = N^′( /=1), we get

N^{′3} + N^{′2} + ( 1 + 3 σ ) N^′ −

3M^2 γ^2σ

= 0 . (34)

Differentiating (34) with respect to σ, we get [ 3N^{′2} + 2N^′ + ( 1 + 3 σ )]dN ′ dσ = 3 σ^2 ( N^′ −

M^2 γ^2 ) . (35)

For σ > 0 and N^′ > 0, it follows from (35)

dN^′ dσ < 0 , (36) if N^′ <

M^2 γ^2

. (37)

The inequality (37) is obvious, since by combining (34) and (37), we get

N^′(N^{′2} + N^′ + 1)σ > 0 ,

which is true for all values of N^′ (> 0) and σ (> 0).

Hence, dN^′/dσ < 0 for all σ > 0.

(ii) From (7) one gets

H(N_2, σ)=2

N_2∫

1 u(N)ν(N)dN +

N_2∫

1 (Nν(N)−u(N)w(N))dN −σ^2

N_2∫

1 Nw(N)dN , (38) where

G(N, σ) = ν(N) − σw(N), F^′(N, σ) = u(N) + σN, u(N) = − 1 N^3

(N^2 − M^2),

ν(N) = (N − 1)(M^2 − γ^2N), w(N) = γ^2N 3 (N^3 − 1) .

Differentiating (38), we get ∂H ∂N_2 dN_2 dσ + ∂H ∂σ = 0 . (39)

From (7) and by observing that G(N_2) < 0, F^′(N_2) > 0, we get ∂H ∂N_2

< 0 . (40) Differentiating (38) with respect to σ, we get ∂H ∂σ = 2 [^{N ′}∫ 1 N(ν − σw)dN +

N_2∫

N^′

N(ν − σw)dN −

N_2∫

1 (u + σN)wdN ] . (41)

Since u + νN = F^′(N) > 0, for 1 < N < N_2, w = 1/(3γ^2N) (N^3 − 1) > 0 for N > 1, and ν − σw = G(N) < 0 for N^′ < N < N_2, we get

N_2∫

1 (u + σN)wdN > 0 and

N_2∫

N^′

N(ν − σw)dN < 0 .

Therefore, from (41) follows that ∂H/∂σ < 0 will be valid if we prove that

N^′∫ 1 N(ν − σw)dN < 0. It is clear from (41) that ∂H/∂σ will be of the same sign if we can prove

N^′∫

1 NνdN − σ

N^′∫

1 NwdN −

N^′∫

1 (u + Nσ)wdN < 0 .

But N^′∫ 1 NνdN < 0, when ν(N) < 0 for 1 < N < N^′,

N^′∫ 1 NwdN > 0 when w(N) > 0 for N > 1, and

N^′∫ 1 (u + Nσ)wdN > 0 when u + Nσ = F^′)N) > 0 for 1 < N < N^′.

∴ ∂H ∂σ < 0 . (42) Therefore, from (39), (40) and (42), we get dN_2/dσ < 0.

(iii) From (7), one gets H(N_2) = 2

N_2∫ 1 F^′(N)G(N)dN = 0, which can be written as M^4p(N_2) − M^2q(N_2) + r(N_2) = 0 , (43) where p(N_2) =

(N_2 − 1)^2

2N^2_2 , q(N_2) =

N_2∫

1 [( 1 N + σN ) + γ^2 N^2 { 1 + σ 3 (N^2 + N + 1 }] (N − 1)dN . (44)

Differentiating (43) with respect to M, we get

4M^3p − 2Mq + [M^4p^′ − M^2q^′ + r^′] dN_2 dM − 0 . (45)

Since M^4p^′ − M^2q^′ + r^′ = −F^′(N_2)G(N_2) and F^′(N_2)G(N_2) < 0, (by (30)), we get M^4p^′ − M^2q^′ + r^′ > 0 . (46)

Equation (43) is a quadratic equation in M^2. The roots of the equation are given by M^2 = q ± √ q^2 − 4pr 2p . Since p > 0 (from (44)), 2pM^2−q > 0 or < 0 for larger or smaller value, respectively, of M^2 according to (43).

Now we examine which among the two roots is suitable for the physical need of our problem. The product of the roots of Eq. (43) is

γ^2N^2_2 [ 1 + σ 3 (N^2_2 + N_2 + 1)

]_2

, G(N_2) < 0, and N_2 > 1 ,

∴ M^2 < γ^2N_2 [ 1 + σ 3 (N^2_2 + N_2 + 1) ] < γN_2 [ 1 + σ 3 (N^2_2 + N_2 + 1) ] (since γ < 1),

i.e., the product of the roots of Eq. (43) is greater or equal to the square of a root of the equation, which is possible when the smaller root of the equation satisfies

∴ 2pM^2 − q < 0 . (47)

Therefore, from (45), (46) and (47) follows that dN_2/dM > 0 for all M > 0.

5. Summary and concluding remarks

In our present investigation, we have analytically studied the nonlinear propagation of finite-amplitude ion-cyclotron waves, ion-acoustic waves and solitons in a collisionless magnetized plasma consisting of warm ions and isothermal electrons and have obtained five types of solution (given in Case 1a, Case 1b, Case 2a and Case 2b of Sect. 3) for the existence of these waves. Two solutions given in Case 1a (N_1 < 1 < N_2 < N^′ < N_0) and Case 1b (N_1 < 1 < N_0 < N^′ < N_2) correspond to finite-amplitude ion-cyclotron waves, the two solutions given in Case

2a (N_0 < N^′ < N1 < 1 < N_2) and Case 2b (N_1 < N^′ < N_0 < 1 < N_2) correspond to finite-amplitude ion-acoustic waves and the solution given in Case 3 (N_0 < N1 = 1 < N^′ < N_2) correspond to ion-acoustic solitons. Our solutions given in Case 1a, Case 2a, and Case 3 have been also obtained by Yashvir et al. [31]. It is to be noted that solutions given in Case 1b and Case 2b are two new types of solution. The nature of the solutions for ion-cyclotron waves are represented graphically in Fig. 1 and Fig. 3, for the ion-acoustic waves in Fig. 2 and Fig. 4 and for solitons in Fig. 5. For the existence of ion-acoustic solitons, we have shown rigorously in Theorem 10:

i) dN^′/dσ < 0 for all σ > 0, ii) dN_2/dσ < 0 for all σ > 0, and iii) dN_2/dM < 0 for all M > 0.

In this regard, it is important to note that Yashvir et al. [31] indicated that ioncyclotron waves do not exist for very small and also for very large values of normalized electric field E_0. But, our present study shows (in Theorem 9) that ioncyclotron waves can exist for arbitrarily small as well as arbitrarily large values of E_0.

Fig. 1. Plot of H(N) versus N, ion-cyclotron wave (M^2 > σ + 1, 1 < N^′ < N_0). Fig. 2. Plot of H(N) versus N, ion-acoustic wave (M^2 < γ^2(σ +1), N_0 < N^′ < 1).

However, in the present study, we have considered the plasma to be nonrelativistic, collisionless and magnetized. But, the consideration of relativistic effect in plasma gives more interesting and fascinating results on nonlinear propagation of both electromagnetic and electrostatic waves in plasma [32 - 36]. Das and Paul [37] were the first to introduce relativistic term in K-dV equation for the study of ion-acoustic solitary waves in plasma. They showed that the relativistic effect would be introduced on the ion acoustic solitons only in the presence of streaming of ions in the plasma. Subsequently, Nejoh [38], Roy Chowdhury et al. [39], Paul et al. [40, 41] and other authors [42 - 45] investigated ion-acoustic solitary waves in various kinds of plasma considering negative ions, electron inertia, two-temperature electrons etc., and obtained important results. Following the mathematical tech-

Fig. 3. Plot of H(N) versus N, ion-cyclotron wave (corresponding to the solution given in the Case 1b (M^2 > σ + 1, 1 < N_0 < N^′).

Fig. 4. Plot of H(N) versus N, ion-acoustic wave (corresponding to the solution given in the Case 2b (M^2 < γ^2(σ + 1), N^′ < N_0 < 1).

Fig. 5. Plot of H(N) versus N, soliton (corresponding to the solution given in the Case 3 (σ + 1 > M^2 > γ^2(σ + 1), N_0 < 1 < N^′).

nique in the present paper, some new analytical results may be obtained for both ion acoustic solitary waves and ion-cyclotron waves in a relativistic multicomponent plasma which would be applicable in various physical situations. The authors are exploring the possibility to explain some of the nonlinear phenomena observed in dusty plasma using the present theory.

Appendix

Proof of the Observation 1. One can easily find from (5) that G(1) = 0 and the roots of the equation G(N) = 0 other than 1 are given by

g(N) = 0 , (48)

where,

g(N) = N^3 + N^2 + ( 1 + 3 σ ) N − 3M^2 γ^2σ

. (49)

Since the physical constants σ, γ and M are positive, Eqn. (34) has only one positive root, say N = N^′ while from (49) one gets g(0) < 0 and g(∞) > 0.

∴ g(1) < 0 ⇒ N^′ > 1 and g(1) > 0 ⇒ N^′ < 1 . (50)

From (49) and (50), one gets

N^{′ >}< 1according toγ^2(σ + 1)^>< M^2.

Proof of the Observation 2. Solving the biquadratic equation F^′(N) = 0, we get

N = ± √ −1 ± √ 1 + σM^2 2σ .

Therefore, for N > 0, N = + √ −1 + √ 1 + 4σM^2 2σ . Therefore, for N > 0, F^′(N) = 0 can hold at only one point N = N_0 (say). Therefore, from (5) we get β(N) = 0 at N = N_0, where

β(N) ≡ σN^4 + N^2 − M^2 . (51)

Since σ and M(> 0) are constants, we get β(0) < 0 and β(∞) > 0.

∴ β(1) > 0 ⇒ N_0 < 1 and β(1) < 0 ⇒ N_0 > 1 . (52)

From (51) and (52), one gets σ + 1^<> M^2 according to N_0^<> 1.

Acknowledgements

The authors are grateful to the referee for some valuable comments which helped to bring the manuscript in the present form. They are also thankful to Prof. Dipankar Ray, Department of Mathematics, Jadavpur University, for some useful suggestions to revise the paper.

References

[1] H. Washimi and T. Taniuti, Phys. Rev. Lett. 17 (1966) 996. [2] F. Ott and R. N. Sudan, Phys. Fluids 13 (1970) 1432. [3] C. H. Su and C. S. Gardner, J. Math. Phys. 10 (1972) 536. [4] A. Jeffrey and T. Kakutani, SIAM Review 14 (1972) 582.

[5] K. Nishikawa and P. K. Kaw, Phys. Lett. A 50 (1975) 455.

[6] W. D. Jones, A. Lee, S. M. Gleeman and H. J. Doucet, Phys. Rev. Lett. 35 (1975) 1349.

[7] H. Schamel, Z. Naturfosch. A 38 (1983) 1170.

[8] S. G. Tagare and R. V. Reddy, J. Plasma Phys. 36 (1986) 301. [9] G. C. Das, S. N. Paul and B. Karmakar, Phys. Fluids 29 (1987) 2192. [10] F. Verheest, J. Plasma Phys. 39 (1988) 71.

[11] G. C. Das, Kh. I. Singh and B. Karmakar, Canad. J. Phys. 67 (1989) 609. [12] H. Ikezi, R. J. Taylor and D. R. Baker, Phys. Rev. Lett. 25 (1970) 11. [13] H. Ikezi, Soliton in Action, eds. K. E. Lonngren and A. Scott, Academc Press, New York (1978).

[14] M. Q. Tran, Physica Scripta 20 (1979) 312. [15] K. E. Lonngren, Plasma Phys. 25 (1983) 943.

[16] V. E. Zakharov and E. A. Kuznetsov, Sov. Phys. JETP 39 (1974) 285. [17] D. Swift, J. Geophys. Res. 30 (1975) 2096.

[18] P. K. Shukla and M. Y. Yu, J. Math. Phys. 16 (1978) 2506. [19] L. C. Lee and J. R. Kan, Phys. Fluids 24 (1981) 480. [20] P. K. Chaturvedi, Phys. Fluids 19 (1976) 1064. [21] D. Roy, Phys. Fluids 22 (1976) 1064.

[22] M. Tamerin, M. Woldroff and F. S. Mozer, Phys. Rev. Lett. 43 (1979) 1941. [23] E. W. Ladke and K. F. Spatschek, J. Plasma Phys. 28 (1982) 489. [24] E. Witt and W. Lotko, Phys. Fluids 26 (1983) 2176. [25] E. Infeld, J. Plasma Phys. 33 (1985) 171.

[26] S. Qian, W. Lotko and M. K. Hudson, Phys. Fluids 31 (1988) 2190. [27] K. P. Das and F. Veerhest, J. Plasma Phys. 41 (1989) 139.

[28] S. Roychowdhury, J. Hill, P. J. Forsling, H. Y. Chang, S. Sukarto, C. Lien and K. E.

Lonngren, Physica Scripta 36 (1987) 508.

[29] J. Hill, S. Roychowdhury, H. Y. Chang, C. Lieu, S. Sukarto and K. E. Lonngren, Physica Scripta 36 (1987) 503.

[30] P. S. Forsling, J. Cooney, J. Tao, R. Rosario, W. D. Lim, A. Seyhoonzadeh and K. E.

Lonngren, Physica Scripta 40 (1989) 188.

[31] Yashvir, T. N. Bhatnagar and S. R. Sharma, Plasma Physics and Controlled Fusion 25 (1984) 1303.

[32] P. K. Kaw and J. Dawson, Phys. Fluids. 13 (1973) 472. [33] J. Arons and C. E.Max, Phys. Fluids 17 (1974) 1983.

[34] B. Chakraborty, S. N. Paul, M. Khan and B. Bhattacharya, Physics Reports 114 (1984) 181.

[35] K. K. Mondal, S. N. Paul and A. Roychowdhury, Aust. J. Phys. 50 (1997) 319. [36] S. K. Bhattacharyya, S. N. Paul and K. K. Mondal, Phys. of Plasmas 9 (2002) 4439. [37] G. C. Das and S. N. Paul, Phys. Fluids 28 (1985) 823.

[38] Y. Nejoh, J. Plasma Phys. 37 (1987) 487.

[39] A. Roychowdhury, G. Pakira and S. N. Paul, IEEE Trans. On Plasma Sci. 17 (1989) 804.

[40] S. N. Paul, K. K. Mondal and A. Roychowdhury, Fizika B (Zagreb) 5 (1996) 73. [41] S. N. Paul, S. Chattopadhyay and K. K. Ghosh, Fizika A (Zagreb) 6 (1997) 139. [42] M. Salauddin, Plasma Phys. and Controlled Fusion 32 (1990) 33. [43] S. Singh and R. P. Dahia, Phys. Fluids. B 2 (1990) 901.

[44] S. Chakraborty, S. N. Paul and A. Roychowdhury, Fizika A (Zagreb) 3 (1994) 97. [45] K. K. Mondal, S. N. Paul and A. Roychowdhury, IEEE Trans. on Plasma Sci. 26 (1998) 1.

NELINEARNO ŠIRENJE VALOVA U TOPLOJ MAGNETIZIRANOJ PLAZMI

Teorijski proučavamo širenje ciklotronskih, ionsko-zvučnih i solitonskih valova male amplitude u magnetiziranoj plazmi bez sudara, koja se sastoji od toplih iona i izotermnih elektrona. Našli smo nova analitička rješenja za uzbudu ovih valova u plazmi. Grafički prikazujemo prirodu tih valova. Pokazuje se da ionsko-ciklotronski valovi mogu postojati za proizvoljno male kao i velike jakosti normaliziranog električnog polja, što nije suglasno s rezultatima drugih autora.